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This  dissertation  presents  a  new  resolution  of  the  set  theoretic  paradoxes  of 
Russell  and  Cantor.  The  work  contains  a  model  for  a  theory  of  sets  which  implies 
that  there  is  a  universal  set  u.  In  the  language  of  equality  and  a  set  membership 
relation  -E-,  a  strictly  quantifier-free  formula  is  a  quantifier- free  formula  whose  atomic 
subformulas  have  no  variable  which  occurs  more  than  once.  The  axioms  of  the  theory 
are  extensionality  and  the  comprehension  scheme  for  strictly  quantifier-free  formulas. 
Any  model  of  this  theory  satisfies  the  sentences  "the  universal  set  u  exists"  and  "the 
graphs  of  the  entire  membership  and  identity  relations  over  u  exist".  The  richest 
model  presented  is  also  internally  countable,  i.e.  it  satisfies  the  sentences  "The  ordinal 
ijo  exists"  and  "There  is  a  function  /  :  u  — ►  w".  The  author  defines  a  list  of  Godel- 
like  operations.  This  list  contains  a  variant  appropriate  to  the  context  of  a  universal 
set  for  each  operation  used  in  construction  of  Godel's  L  from  the  ordinals,  except 
domain  formation  and  union  of  an  arbitrary  set  of  sets.  Godel-like  closure  implies 
strictly  quantifier-free  comprehension. 
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This  model  is  constructed  inside  a  countable  atomic  Boolean  algebra  as  a  direct 
limit  of  S-algebras,  i.e.  atomic  subalgebras  C^with  one-to-one  maps  Sn  '•  Cn  — ►  Cn 
such  that  for  all  x  G  Cn  the  element  Sn(x)  is  an  atom  of  Cn.  These  maps  Sn(-)  induce 
membership  relations  -En-  by  xEny  <->  Sn(x)  <  y.  The  structures  (Cn,En)  satisfy 
the  sentences  "Sfj(x)  is  the  singleton  of  x"  and  "the  universe  is  closed  under  binary 
union,  intersection  and  complement".  Godel-like  closure  and  internal  countability  are 
preserved  in  an  extensional  substructure  which  is  constructed  by  iteratively  applying 
the  fact  that  every  countable  Boolean  algebra  is  projective. 


CHAPTER  1 
INTRODUCTION  AND  SURVEY 

This  dissertation  presents  a  model  of  the  language  of  a  membership  relation  -E- 
with  the  following  properties. 

(i)     The  model  satisfies  a  comprehension  axiom  scheme  which  applies  to 
those  quantifier-free  formulas  with  arbitrary  parameters  which  contain 
no  atomic  subformula  vRv,  i.e.     no  atomic  subformula  in  which  a 
variable  is  repeated, 
(ii)     Equality  in  the  model  is  determined  by  the  principle  of  extensionality 
(iii)     The  model  satisfies  closure  under  power  set  formation, 
(iv)     The  model  satisfies  the  statement  au>  exists", 
(v)     The  model  satisfies  an  axiom  of  internal  countability. 
Russell  observed  a  contradiction  in  the  original  Frege  set  theory.  If  r  is  the  class 
{x\x  $l  x},  then  r  €  r  *-*  r  £  r.    This  argument  uses  the  comprehension  axiom 
for  the  formula  xljx,  which  contains  the  subformula  xEx  and  is  therefore  excluded 
from  the  comprehension  scheme  described  in  (i).  The  scheme  here  differs  from  the 
original  inconsistent  scheme  in  two  ways.   First,  this  scheme  excludes  instances  for 
quantified  formulas,  since  quantification  is  beyond  the  scope  of  this  work.   Second, 
this  scheme  also  excludes  instances  with  a  variable  repeated  in  an  atomic  subformula. 
The  rationale  for  this  exclusion  is  that  such  formulas  may  be  regarded  as  containing 
an  implicit  quantification.   For  example,  the  formula  xljx  is  logically  equivalent  to 
3y[xfly  A  x  =  y].  This  rationale  is  discussed  later  in  the  chapter. 

DEFN  1.1.  Strictly  quantifier-free  formulas  in  C(E,=)  are  those  quantifier-free  for- 
mulas with  no  subformula  vEv  or  v  =  v  for  any  variable  v.   Strictly  quantifier-free 
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comprehension  with  parameters  for  C(E,  =)  is  the  axiom  scheme  which  contains,  for 
every  strictly  quantifier-free  formula  F(p,x),  the  axiom  VfByVx\xEy  «-►  F(p,  x)]. 
Note  that  strictly  quantifier-free  comprehension  allows  variable  repetition  in  distinct 
atomic  subformulas,  for  example  x  6  y  A  y  €  x. 

Chapter  4  contains  an  extensional  model  (B,  E)  of  strictly  quantifier-free  com- 
prehension. In  such  models  one  can  define  the  Boolean  algebra  operations.  The 
axioms  of  Boolean  algebras  are  derivable  in  the  theory  strictly  quantifier-free  com- 
prehension plus  extensionality.  Operations  similar  to  most  of  those  which  Godel  used 
to  define  the  class  L  of  constructive  sets  are  also  definable,  and  the  model  in  Chapter 
4  is  closed  under  these  operations.  Any  structure  closed  under  these  operations  sat- 
isfies the  scheme  strictly  quantifier-free  comprehension.  The  proof  follows  a  theorem 
by  Godel  about  the  structure  L  of  constructible  sets  [l]. 

The  model  in  Chapter  4  satisfies  the  additional  axiom  that  there  is  a  one-to-one 
function  /  in  the  universe  which  embeds  the  universe  into  u. 

DEFN  1.2.  A  structure  (C,E,=  )  is  internally  countable  if  it  satisfies  the  following: 

(i)     There  is  a  universal  set  u,  i.e.  Vx[xEu] 

(ii)     There  is  an  element  u>  whose  elements  with  respect  to  E  form  a  struc- 
ture isomorphic  to  the  natural  numbers, 
(iii)     The  structure  (C,E,=  )  satisfies  3/[/  :  u  — ►  u>]. 

Compared  to  internal  countability,  Russell's  paradox  is  a  somewhat  simpler 
issue,  so  it  is  considered  first.  However,  the  possibility  of  error  in  the  ZF  treatment 
of  uncountability  is  much  more  important. 

A  model  of  strictly  quantifier- free  comprehension  contains  a  universal  set  u,  the 
membership  relation  e  and  the  identity  relation  t  as  elements.  This  theory  implies 
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that  ~eflt  =  {(x,  y)\  xljy  A  x  =  y}  =  {(x,  x)|  xj^x}  is  an  element  of  the  structure. 
The  formula  xEyAyEx,  with  variable  repetitions,  has  an  extension  efle  which  can 
be  constructed  with  relation  inverses  and  intersection.  The  idea  of  strictly  quantifier- 
free  comprehension  is  that  to  construct  the  extension  of  xEx  requires  a  distinctly 
different  capability.  It  requires  collection  of  the  fixed  points  of  a  relation.  This  is  an 
intuitively  distinct  and  more  complicated  kind  of  task.  The  distinction  is  analogous 
to  the  difference  between  y  =  Ax,  which  represents  the  simple  matrix  multiplication 
relation,  and  x  =  Ax,  which  represents  collection  of  the  eigenvectors  whose  eigenvalue 
is  1. 

A  formal  distinction  between  these  two  kinds  of  tasks  is  evident  in  the  the- 
ory of  cylindric  algebras  [2],  also  known  as  quantified  Boolean  algebras.  A  cylindric 
algebra  is  a  Boolean  algebra  with  operations  cQ,  which  are  called  cylindrifications, 
and  elements  da  g,  which  are  called  diagonalization  elements.  Elements  of  the  al- 
gebra correspond  to  formulas  in  a  first  order  language.  A  cylindrification  operation 
ca  corresponds  to  quantification  over  a  variable  xa.  The  diagonalization  elements 
correspond  to  atomic  formulas  xa  =  xg. 

The  cylindrification  operations  by  themselves  do  not  extend  Boolean  algebras 
sufficiently  to  represent  the  predicate  calculus.  Indeed,  it  is  the  diagonal  arguments 
which  require  the  additional  diagonalization  elements  da  g.  In  a  cylindric  algebra, 
an  atomic  formula  p(xi,X2,X3)  is  associated  with  a  generator  gp.  The  formula 
p(xi,X2,xi),  with  variable  repetition,  is  not  generally  associated  with  a  distinct 
generator.  Such  redundancy  can  be  allowed,  but  it  produces  non-extensionality.  In- 
stead, the  atomic  formula  p(xi,X2,xi)  can  be  generally  associated  with  the  natural 
representation  of  the  logically  equivalent  formula  3x3[p(xi,X2,X3)  A  xi  =  X3].  That 
representation  is  C3(<7p  A  ^1,3).  Now  the  representation  of  the  atomic  formula  with  a 
repeated  variable  does  involve  a  quantifier. 
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Thus,  Russell's  construction  is  done  without  apparent  quantification,  because  of 
an  incidental  feature  of  our  particular  formulation  of  first  order  predicate  calculus. 
In  this  formulation,  relation  construction  and  fixed  point  collection  appear  so  similar 
that  the  set  theory's  naive  comprehension  axioms  did  not  distinguish  them.  Suppose 
a  well-formed  first  order  atomic  formula  is  defined  as  a  predicate  symbol  p  followed 
by  a  variable  x\,  and  another  (i.e.  a  distinct)  variable  x%  and  another  variable  £3 
and  so  on,  until  we  have  the  number  of  variables  appropriate  for  p.  Then  xyx  simply 
is  not  a  well-formed  formula. 

While  this  may  not  be  natural  in  the  formalism  of  first  order  predicate  calculus, 
the  corresponding  distinction  does  arise  naturally  in  cylindric  algebras.  This  can 
happen  because  the  equivalence  of  first  order  predicate  calculus  with  the  theory  of 
cylindric  algebras  is  not  required  to  preserve  naturality.  Two  points  favor  cylindric 
algebras  in  this  issue.  One  is  the  inconsistency  which  results  when  one  accepts  xEx 
as  an  atomic  formula.  The  other  is  the  intuition  about  the  distinction  with  concrete 
examples,  like  y  =  Ax  and  x  =  Ax.  This  work  begins  development  of  the  view 
that,  as  a  consequence  of  suppressing  this  distinction,  the  presentation  of  ideal  set 
theory  simply  said  something  unintended.  In  fact,  it  happened  to  say  something 
false,  something  provably  false  (hence,  an  outright  inconsistency). 

Constructions  similar  to  Russell's  occur  in  arguments  based  on  uncountable 
infinities.  These  arguments  contain  certain  statements  which  are  similar  to  Russell's 
axiom  of  comprehension.  It  is  possible  to  salvage  these  statements,  which  this  work 
takes  to  be  misstatements,  since  these  statements  do  not  contradict  themselves.  Still, 
there  remains  the  question  whether  they  contradict  the  truth.  Russell's  and  Cantor's 
constructions  are  very  similar.  Indeed,  Russell's  paradox  was  intended  to  distill  the 
essence  of  Cantor's  diagonal  arguments.  Consideration  of  Russell's  set  is  the  natural 
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initial  point  of  attack,  because  it  is  a  simpler  construction  with  a  much  stronger 
result. 

It  is  desirable  for  set  theory  to  treat  these  paradoxes  much  the  same.  Chapters 
2  and  4  contain  models  (C,  E,  =  )  of  internal  countability.  So  models  exist  for  the 
quantifier-free  part  of  the  construction  of  the  paradoxical  elements.  Therefore  this 
work  attributes  the  contradictions  which  arise  in  the  traditional  analysis  of  both 
paradoxes  to  mistreatment  of  quantification. 

To  see  how  the  suggested  restrictions  relate  to  the  strength  of  the  theory,  it 
is  helpful  to  consider  an  analogous,  more  well-understood  situation  in  Second  Order 
Arithmetic.  There,  all  sets  contain  only  natural  numbers.  Church's  Thesis  character- 
izes those  arithmetic  relations  whose  definitions  give  effectively  computable  decision 
procedures  for  them.  The  effectively  decidable  relations  are  those  which  are  definable 
both  by  an  existential  formula  (a  formula  with  a  single  existential  quantifier)  and  by 
a  universal  formula  (a  formula  with  a  single  universal  quantifier).  In  arithmetic,  the 
quantifier-free  part  of  a  universal  or  existential  formula  is  allowed  to  refer  to  addi- 
tion, multiplication,  equality  of  natural  numbers  and  membership  n  G  A.  Thus,  the 
class  of  effective  relations  is  indeed  much  more  limited  than  the  full  class  of  definable 
relations. 

A  quantifier-free  arithmetic  definition  is  effectively  decidable,  relative  to  what- 
ever set  parameters  occur  in  the  formula.  Equality  of  natural  numbers  is  defined  by 
m  =  n.  So  equality  of  natural  numbers  is  effectively  decidable.  Equality  of  two  sets 
of  natural  numbers  is  defined  by  x  =  y  *-*  Vz[z  £  x  «-►  z  G  y],  and  it  is  not  generally 
definable  with  a  single  existential  quantifier.  So  it  is  not  effectively  decidable,  and 
reasonable  models  of  set  theory  need  not  contain  it. 

In  second  order  arithmetic,  equality  of  sets  of  natural  numbers  is  roughly  of 
the  complexity  of  the  halting  problem  relative  to  the  elements  x  and  y.    Second 
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order  arithmetic  is  interpretable  as  a  two-sorted  first  order  theory  where  equality 
over  one  sort,  the  natural  numbers,  is  simple.  General  equality  will  have  at  least 
the  complexity  of  the  equality  of  sets  of  natural  numbers.  By  analogy,  in  set  theory 
with  a  universal  set,  introduction  of  explicit  reference  to  general  equality  in  Russell's 
paradox  raises  the  complexity  of  that  construction. 

Strictly  quantifier-free  comprehension  calls  for  an  element  e  which  witnesses  the 
comprehension  axiom  yEz,  and  an  element  i  which  is  (a  code  for)  the  identity  relation. 
This  theory  implies  closure  under  Boolean  operations  as  used  in  the  construction  of 
Russell's  class.  How  can  such  a  theory  be  consistent?  The  element  ~eAi  witnesses 
the  comprehension  axiom  for  the  strictly  quantifier-free  formula  ylfz  Ay  =  z,  but 
not  for  the  more  complex  formula  3y[yljz  Ay  =  z],  nor  for  its  equivalent  formula 
zljz.  Note  that  both  of  those  formulas  contain  only  one  free  variable.  If  p  =~  e  A  z, 
then  pljp  simply  because  p  is  not  an  ordered  pair. 

One  part  of  the  contradiction  becomes  more  complicated,  but  it  is  does  retain 
some  consequence.  With  the  usual  Wiener- Kuratowski  codes  for  ordered  pairs,  i.e. 
(y,z)  =  {{y},{y,z}},  it  follows  that 


(1-1)  pEp  — ►  p  =  (q,  q),  where  q  <£  q 

— >P  =  {{<l}},  where  q  <£  q 

— v  {?}  =  P  —  {{l}}i  an^  1  £  9  since  pEp 

— ►  q  =  {q},  and  q  £  q,  a  contradiction  since  {•}  is  1-1 

So  with  the  usual  codes  for  ordered  pairs,  one  has  p  £  p.  This  is  not  problematic. 
Any  interesting  model  assigns  infinitely  many  elements  to  ~  e  A  i.  Then  p  cannot 
be  an  ordered  pair  in  the  usual  sense,  and  the  second  half  of  Russell's  argument  is 
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preempted.  Regardless  of  the  ordered  pair  coding,  the  range  of  p  would  be  Russell's 
set.  Thus,  Russell's  paradox  implies  that  not  every  relation  has  a  range. 

In  ZF  the  axiom  scheme  of  replacement  says  that  every  formula  which  defines 
a  single-valued  relation  with  a  set  as  its  domain  has  a  set  as  its  range.  That  axiom 
was  not  a  part  of  Zermelo's  set  theory.  It  was  added  later  by  Fraenkel  [s].  Thus 
the  prospect  of  a  foundational  theory  without  the  full  replacement  scheme  is  not 
unreasonable. 

Note  that  the  restriction  on  variable  repetition  does  not  change  the  notion  of 
definability  of  a  relation.  Indeed,  even  if  one  preempts  the  comprehension  axioms 
for  formulas  with  variable  repetition  in  an  atomic  subformula  by  defining  the  class  of 
well-formed  formulas  to  exclude  such  formulas,  they  are  replaced  by  other  formulas 
in  the  language.  For  any  such  formula  excluded  from  this  modified  language,  the 
language  includes  one  which  is  logically  equivalent  to  it.  In  the  case  of  Russell's  set, 
there  is  the  formula  3y[xEyAx  =  y].  Either  way,  this  restriction  of  the  comprehension 
scheme  does  change  the  way  one  computes  the  quantifier  complexity  of  a  relation.  In 
particular,  it  changes  the  effective  decidability  of  the  relation  relative  to  the  primitives 
of  a  language. 

So  strictly  quantifier-free  comprehension  dispenses  with  those  quantifier- free  for- 
mulas which  are  problematic,  such  as  Russell's,  and  gives  a  simple  treatment  to  all 
other  quantifier-free  formulas  to  open  the  way  for  treatment  of  formulas  with  quan- 
tifiers. Difficulties  must  then  arise  with  the  same  paradoxical  sets  defined  by  for- 
mulas with  quantifiers.  In  that  context,  the  paradoxes  say  something  about  correct 
treatment  of  quantifiers  within  limits  imposed  by  the  simpler,  more  well-understood 
aspects  of  logical  construction. 

Before  surveying  of  the  field  of  set  theory  with  a  universal  set,  consider  why  a 
set  theory  should  include  a  universal  set.  The  reasons  include  intuition,  uniformity 
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of  the  theory,  a  desire  for  a  theory  with  a  standard  interpretation  and  correctness  of 
the  theory. 

First  is  the  intuition  that  sets  form  a  Boolean  algebra.  This  is  clear  from  the 
original  acceptance  of  axioms  of  the  ideal  set  theory,  such  as  Wp3yWx[x  €  y  <-►  x  £  p]. 
Also  there  is  an  expectation  that  the  structure  of  sets  will  reflect  the  structure  of 
logical  formulas.  A  model  of  a  first  order  language  is  a  homomorphism  M.  which 
interprets  variables.  The  homomorphism  maps  ->A  to  ~  (AM).  Chapters  2  and  4 
contain  models  in  which,  for  any  set  a  which  might  serve  as  A^*,  there  is  a  simple 
unrelativized  complement  ~  a  to  serve  as  ~  (^     ),  unlike  in  a  model  of  ZF. 

Another  aspect  of  set  theory's  underlying  intuition  is  the  idea  that  we  can  for- 
malize most  or  all  of  mathematics  in  terms  of  the  membership  relation.  To  represent 
membership  as  a  class  of  relations,  as  required  in  ZF,  is  contrary  to  this  intuition. 
Note  that  all  of  the  comprehension  axioms  for  x  €  y  and  all  other  strictly  quantifier- 
free  formulas  were  accepted  as  intuitively  supported  in  the  ideal  set  theory.  They 
were  rejected  later  because  some  other  axioms  were  inconsistent. 

Second,  the  similarity  of  basic  diagonal  arguments,  particularly  Russell's  para- 
dox and  Cantor's  theorem,  suggests  a  uniform  resolution  of  these  paradoxes.  Indeed, 
Russell  stated  that  his  paradox  arose  as  an  attempt  to  distill  the  essence  of  Cantor's 
theorem.  Russell's  paradox  demands  attention  because  it  is  the  simpler  result  and  it 
is  so  much  stronger  as  to  be  disastrous. 

Chapters  2  and  4  contain  models  of  strictly  quantifier-free  CA  in  which  the 
universe  also  displays  internal  countability.  The  models  satisfy  the  sentence  "there 
is  an  element  /  which  is  a  one-to-one  function  and  which  maps  the  universe  into 
ijf .  For  the  model  in  Chapter  4,  given  an  arbitrary  set  a  in  the  model,  the  element 
/  A  (ax u)  is  a  one-to-one  function  which  maps  a  into  a;.  So  under  this  definition  of 
countability,  every  set  in  the  model  is  countable. 
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Third,  it  would  be  desirable  to  have  a  set  theory  for  which  there  is  a  standard 
model.  That  is  not  as  clearly  true  in  the  case  with  ZF  as  with,  say,  Peano  arithmetic. 
It  is  easy  to  find  a  standard  model  for  Peano  Arithmetic,  since  any  first  order  theory 
has  a  prime  model,  i.e.  one  which  embeds  isomorphically  into  every  model.  This 
determines  the  isomorphism  type  of  the  standard  model.  Even  though  there  are 
non-standard  models  of  the  theory  of  arithmetic,  one  understands  what  it  means  to 
ask  if  Fermat's  last  theorem  is  true  but  not  provable.  And  even  though  no  recursive 
axiom  system  decides  all  questions  of  arithmetic,  a  mathematician  may  use  creativity 
to  extend  an  axiom  system  with  the  goal,  in  principle,  of  eventually  deciding  any 
statement  with  respect  to  that  one  isomorphism  type.  Now  compare  the  situation 
with  ZF. 

For  ZF,  the  class  L  of  constructible  sets  is  a  natural  minimal  model  relative  to 
the  class  of  ordinals.  Not  all  logicians  want  to  take  it  as  the  standard  model,  since  it 
lacks  much  of  the  interesting  structure  found  in  other  models  of  ZF.  The  purpose  of 
set  theory  in  mathematics  is  largely  to  formulate  the  notion  of  completeness  of  the 
reals,  the  notion  that  the  line  has  a  point  everywhere  there  can  be  a  point.  The  reals 
of  L  are  a  small  class  compared  with  other,  richer  models  of  ZF  with,  say,  0*  or 
various  //-generic  reals.  So  L  is  not  suitable  as  a  standard  model  and  has  not  been 
accepted  as  such.  Yet  the  other  models  also  are  also  "standard"  models. 

To  some  extent,  the  model  V,  i.e.  the  "real  world"  of  ZF,  serves  as  a  standard 
model.  Yet  the  standard  model  of  Peano  arithmetic  has  a  known  isomorphism  type, 
and  this  is  not  the  case  with  V.  In  Peano  arithmetic,  if  a  statement  fails  only  in 
models  with  non-standard  natural  numbers,  then  it  is  true  in  the  model  that  all 
mathematicians  care  most  about.  In  ZF,  a  statement  may  fail  only  in  models  with 
0*  or  only  in  models  without  0*.  In  either  case  it  can  remain  a  viable  additional 
axiom.  What  assurance  is  there  that  one  mathematician's  vision  of  V  is  isomorphic 
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to  another's?  As  mathematicians  apply  their  creativity  to  extend  ZF,  is  there  any 
assurance  that  they  will  chose  the  same  extension  of  the  theory,  as  in  the  case  of 
Peano  arithmetic. 

Fourth,  the  universe  is  an  effectively  decidable  set.  Technically,  it  is  not  recur- 
sive, because  it  is  not  a  set  of  natural  numbers.  However,  "always  answer  'yes'  "  is 
an  effective  algorithm  to  correctly  decide  whether  a  given  object  belongs  to  the  uni- 
verse. The  triviality  of  the  algorithm  is  irrelevant  to  its  correctness  and  effectiveness. 
To  address  the  existence  of  a  presented  object,  one  is  not  required  to  treat  it  as  an 
expression  and  decide  if  it  refers  to  something  which  exists.  That  is  not  required 
of  a  decision  procedure  for  the  empty  set.  "Always  answer  'no'  "  is  an  acceptable 
procedure  for  that  problem,  whether  one  considers  the  effectiveness  or  recursiveness 
of  the  empty  set.  So  the  similar  algorithm  for  the  universal  set  does  demonstrate  its 
effective  decidability. 

A  clear  identification  of  the  source  of  the  paradoxes  should  not  force  exclusion 
of  any  effectively  decidable  sets.  In  particular,  a  theory  with  correct  resolution  of  the 
paradoxes  should  have  models  which  contain  a  universal  set.  More  complex  classes 
such  as  the  membership  relation  are  not  such  obvious  matters,  though  the  models 
in  Chapters  2  and  4  of  strictly  quantifier-free  comprehension  do  contain  even  the 
membership  relation. 

Contrast  this  with  intuitionism  and  ZF.  In  ZF,  the  extension  of  a  simple 
formula  such  as  xUa  is  regarded  as  problematic,  and  it  is  described  as  a  proper 
class.  Another  well-known  way  to  resolve  Russell's  paradox  is  to  adopt  intuitionis- 
tic  logic  and  abandon  the  Law  of  Excluded  Middle.  Set  aside  the  pragmatic  issue 
that  intuitionistic  methodology  is  so  awkward  that  in  the  decades  it  has  been  avail- 
able, mathematicians  almost  unanimously  have  chosen  not  to  use  it.  An  objection 
of  principle  against  intuitionism,  as  with  ZF,  is  that  it  also  makes  simple  things 
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complicated.  In  intuitionism,  the  simple  Boolean  operation  of  binary  union  becomes 
problematic,  since  for  some  x  it  is  possible  that  neither  i£a  nor  x  £  a,  so  the  ex- 
tension ofi€aVi^a  could  be  less  than  the  universe.  Both  resolutions  of  Russell's 
paradox  fail  to  take  advantage  of  the  simplicity  of  Boolean  algebra  and  the  prepo- 
sitional calculus  (predicate  calculus  without  quantified  formulas).  Both  the  general 
theory  of  Boolean  algebras  and  the  propositional  calculus  are  effectively  decidable 
theories. 

This  work  essentially  establishes  a  semantics  for  a  language  which  contains  the 
words  and,  or  and  not,  and  whose  rules  of  grammar  are  the  rules  of  propositional 
calculus.  There  is  scarcely  any  room  for  question  about  whether  these  rules  are  right 
or  wrong.  These  words  have  standard  interpretations,  hence  their  designation  as 
"logical  constants."  The  propositional  rules  essentially  define  these  words,  so  they 
cannot  be  wrong.  They  express  the  choice  of  using  this  language.  Since  model 
theory  requires  a  restricted  domain  for  any  model  of  a  logical  language,  the  notion 
of  existence  is  not  a  logical  constant  in  the  same  sense  that  and,  or  and  not  are. 
So  the  thesis  of  this  work  implies  that,  when  one  uses  the  propositional  language 
to  discuss  the  more  complex  notion  of  quantification,  any  conflict  between  apparent 
rules  and  any  other  difficulties  which  arise  will  be  due  to  misconceptions  and  incorrect 
assumptions  about  the  more  subtle  notion  of  existence  or  existential  quantification. 

To  continue  this  comparison  with  other  set  theories  which  imply  a  universal 
set,  consider  Quine's  theory  NF.  It  is  by  far  the  most  respected  candidate  for  a 
foundational  theory  with  a  universal  set,  though  its  consistency  is  not  known.  Quine 
derived  NF  from  Russell's  theory  of  simple  types  by  a  device  which  Quine  himself 
acknowledged  as  a  formal  device  with  no  philosophical  justification  [4].  Type  theory 
resolves  the  paradox  by  assignment  of  a  rank  index  to  every  variable.  Variables  of 
rank  n  +  1  can  only  contain  objects  of  rank  n.  So  nothing  contains  itself.  This  theory 


12 
implies  non-extensionality,  since  every  rank  has  a  different  empty  set.  Moreover,  in 
practice,  it  is  prohibitively  awkward  to  carry  the  rank  index  on  every  variable. 

To  simplify  this  situation  Quine  defined  a  formula  to  be  stratifiable  if  and  only 
if  its  variables  can  be  assigned  natural  number  indices  so  that  variables  on  opposite 
side  of  equality  have  the  same  index,  while  a  variable  on  the  right  of  G  has  index  one 
greater  than  the  variable  on  the  left.  Different  occurrences  of  the  same  variable  must 
have  the  same  index.  So  x  G  x  and  x  £  x  are  unstratifiable,  as  are  x  G  y  A  y  G  x 
and  i^yAi/y.  Quine's  New  Foundations  consists  of  the  axiom  of  extensionality 
with  the  axiom  scheme  of  comprehension  for  stratifiable  formulas.  In  NF  there  is  a 
single  empty  set  and  a  single  universal  set,  defined  by  x  =  x.  Once  one  observes  that 
a  formula  is  stratifiable,  it  is  no  longer  necessary  to  retain  the  indices  on  variables. 

One  indication  of  the  strength  of  strictly  quantifier-free  comprehension  is  a 
comparison  with  NF.  The  only  stratifiable  atomic  formulas  which  are  not  strictly 
quantifier-free  are  x  =  x.  The  other  stratifiable  atomic  formulas  are  x  =  y  and  x  G  y, 
both  of  which  are  strictly  quantifier-free.  The  formula  x  =  x  is  logically  equivalent  to 
xG0Vx^0,  so  the  strictly  quantifier-free  comprehension  scheme  with  parameters 
gives  the  extension  of  x  =  x.  Thus  a  model  of  strictly  quantifier-free  comprehen- 
sion, which  is  closed  under  Boolean  operations,  will  satisfy  comprehension  axioms 
for  all  stratifiable  atomic  formulas.  The  model  also  satisfies  closure  under  cartesian 
products  and  certain  variable  permutations  which  Godel  used  in  the  construction 
of  L.  Consequently,  the  model  will  satisfy  comprehension  axioms  for  all  stratifiable 
quantifier-free  formulas.  In  fact,  the  notion  of  strictly  quantifier-free  atomic  formula 
could  have  included  x  =  x  and  excluded  only  x  G  x,  but  the  uniform  treatment  of 
all  atomic  formulas  emphasizes  that  there  is  an  intuitive  constructive  principle  which 
the  theory  strictly  quantifier-free  comprehension  follows. 

Consistency  of  NF  is  a  long-standing  open  problem,  in  spite  of  considerable  at- 
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tention.  Jensen  [5]  proved  the  consistency  of  Quine's  comprehension  scheme  without 
extensionality.  That  theory  is  NFU,  New  Foundations  with  Urelements.  Urelements 
are  objects  other  than  sets.  So  urelements  contain  no  members,  but  they  are  not 
equal  to  the  empty  set.  If  one  wishes  to  treat  natural  numbers  as  urelements,  then 
NFU  may  be  useful.  However,  it  was  not  intended  that  the  comprehension  scheme 
force  the  conclusion  that  urelements  exist. 

Resolution  of  the  consistency  problem  for  NF  is  not  so  simple  as  just  to  say  that 
extensionality  is  insignificant.  Intuitively,  extensionality  is  a  property  of  sets.  It  is 
certainly  convenient  to  work  in  a  universe  where  everything  is  a  set.  One  might  accept 
a  theory  like  NFU  as  true  in  the  real  world,  and  then  separate  the  set  structure  as 
a  context  for  mathematical  construction,  but  then  to  use  NF  in  that  extensional 
structure  of  sets,  a  consistency  proof  for  NF  would  still  be  necessary. 

Specker  [6]  has  proven  NF  h~  AC,  though  the  theory  of  simple  types  is  known 
to  be  consistent  with  the  axiom  of  choice  [4].  Yet  NF  is  closely  related  to  type  theory 
in  more  than  just  its  historical  derivation.  The  theory  NF  is  equiconsistent  with  type 
theory  plus  an  axiom  which  says  essentially  that  all  different  types  are  elementarily 
equivalent  [tJ.  (This  dismisses  models  where  objects  of  one  type  have  some  intrinsic 
distinction  from  others.)  Thus  Specker's  result  stands  as  the  main  source  of  doubt 
about  the  consistency  of  NF.  It  indicates  again  that  there  is  something  poorly 
understood  in  the  modification  Quine  introduced  to  type  theory. 

More  fundamentally,  the  axiom  of  choice  is  generally  regarded  as  a  true  state- 
ment about  sets.  In  this  intuition,  of  course,  one  sets  aside  the  possible  development 
of  some  computational  interpretations  of  set  theory  in  which  the  axiom  of  choice  is 
not  true.  But  such  considerations  are  speculative.  In  the  natural  interpretations  of 
set  theory,  even  if  NF  does  not  contradict  itself,  it  still  contradicts  the  truth. 

There  are  serious  problems  in  application  of  NF.   Inductive  constructions  are 
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given  by  comprehension  axioms  which  say  there  exists  a  sequence  whose  successive 
elements  are  derived  in  some  specified  way.  Quine's  theory  does  not  generally  support 
inductive  proofs  which  involve  unstratified  formulas.  In  some  cases  an  alternate  proof 
exists  which  does  not  involve  unstratified  comprehension.  However,  NF  does  not 
prove  that  the  set  of  natural  numbers  preceding  n  has  cardinality  n.  The  reason  is 
that  the  formula  {m\m  <  n}  £  n  is  not  stratified  [4]. 

Some  arguments,  which  have  been  accepted  as  general,  only  apply  to  small  sets 
in  NF.  For  example,  if  NF  is  consistent,  it  does  not  prove  Cantor's  theorem  that 
]x|  <  \V(x)  I  for  the  universal  set.  The  usual  simple  proof  of  Cantor's  theorem  involves 
an  unstratifiable  formula.  The  formula  x  =  y  is  stratified,  and  it  defines  the  identity 
relation,  which  is  a  one-to-one  correspondence  between  the  universe  and  its  power 
set,  which  is  the  universe  itself.  Limitation  of  accepted  constructions  to  small  sets  is 
a  re-introduction  of  the  limitation  of  size  doctrine,  a  significant  flaw  in  a  proposed 
alternative  to  ZF. 

Some  theorems,  such  as  Cantor's,  are  actually  refuted  in  NF.  Others  are  just 
independent  of  NF  and  can  be  re-instated  by  additional  axioms.  This  is  not  an 
attractive  solution,  since  much  of  the  appeal  of  NF  began  with  its  return  to  a  single 
principle  of  set  formation.  By  itself,  that  contrasts  favorably  with  the  two  axiom 
schema  in  ZF  plus  axioms  of  pair,  union  and  power  set  formation. 

Unstratifiable  formulas  are  not  uncommon  in  mathematics  [s].  They  are  not  so 
easy  to  recognize  as,  say,  non-effective  definitions,  which  Church's  thesis  allows  math- 
ematicians to  distingiush  by  intuition.  On  the  other  hand,  stratifiability  is  defined 
for  a  formula  in  the  membership  language.  Statements  in  measure  theory  require 
a  great  deal  of  expansion  in  order  to  apply  that  definition.  A  foundational  theory 
could  reasonably  require  mathematicians  to  recognize  when  their  constructions  are 
not  effective  and  to  take  some  limited  precautions  in  such  situations.    Mathemati- 
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cians  might  accept  such  requirements  with  a  reasonably  limited  frequency  of  errors. 
Indeed,  effectiveness  has  long  been  a  matter  of  substantial  concern  anyway.  On  the 
other  hand,  reliable  recognition  of  unstratihable  formulas  would  seem  to  sacrifice 
much  of  the  ease  of  application  of  the  membership  language. 

The  basic  question  is  whether  NF  is  a  package  that  non-foundational  mathe- 
maticians will  buy.  Even  if  it's  consistency  were  proven,  there  remain  problems  of 
awkwardness  in  application,  weakness  and  outright  incorrectness.  In  fact,  as  with 
intuitionism,  the  bottom  line  is  that  in  the  decades  NF  has  been  available,  analysts 
and  algebraists  have  not  shown  any  substantial  interest  in  its  use. 

Another  theory  to  consider  here  is  quantified  Boolean  algebras.  They  are  also 
called  cylindric  algebras,  since  quantification  corresponds  to  the  geometrical  genera- 
tion of  a  cylinder  from  a  set  of  points.  Halmos  studies  them  under  the  name  polyadic 
algebras.  Chapter  2  contains  a  simple  model  of  the  language  of  set  theory  in  which 
the  elements  form  a  Boolean  algebra.  The  construction  is  similar  to  a  term  model, 
as  in  Henkin's  proof  of  the  completeness  theorem,  or  as  in  many  constructions  of 
algebras  with  generators  and  relations.  This  construction  does  little  other  than  what 
the  axioms  of  Boolean  algebras  say  one  must  do  to  satisfy  them.  One  observes  at 
each  step  in  the  construction  that  the  axioms  do  not  require  anything  impossible. 
Can  a  similar  model  of  the  theory  of  quantified  Boolean  algebras  resolve  Russell's 
paradox? 

Consider  what  the  axioms  of  quantified  Boolean  algebras  require.  A  quanti- 
fied Boolean  algebra  is  a  structure  A  =  (A,  +,  •,  -,  0, 1,  cK,  dK\)K  x<a.  The  reduced 
structure  (A,  +,  •,  — ,  0, 1)  is  a  Boolean  algebra.  In  addition,  for  all  k  and  A  less  than 
some  a,  which  is  the  dimension  of  the  algebra,  there  are  cylindrification  operations 
cK  and  diagonalization  elements  dK\.  One  may  think  of  formulas  with  variables  xK. 
The  cylindrifications  correspond  to  quantifiers  3xK  on  the  different  variables  xK,  and 


16 
the  diagonalization  elements  correspond  to  formulas  xK  =  x\  or  xK  =  xK.    They 
satisfy  these  axioms. 


(1-2)  c*(0)  =  0         x<cK(x)         dKK  =  l 

c«(x  •  cK(y))  =  cK(x)cK(y)         cK(cx(x))  =  cx(cK(x)) 

Kk/A,  then  dXfi  =  cK(dxK  ■  dKfl) 

If  k  /  A,  then  cK(dKx  •  x)  •  cK(dKx  ■  -x)  =  0 

How  might  one  find  a  membership  relation  over  such  a  structure?  The  Boolean 
algebra  has  an  order  which  has  inclusion  as  a  natural  interpretation.  A  singleton 
function  S(-)  over  an  atomic  Boolean  algebra  C  gives  a  natural  membership  relation. 
If  C  is  an  atomic  Boolean  algebra  and  S  is  any  one-to-one  map  of  C  to  its  atoms,  then 
xEy  *-*  S(x)  <  y  defines  a  reasonable  membership  relation.  In  any  comprehension 
scheme  of  the  major  set  theories,  the  formula  x  =  p  with  parameter  p  yields  a  set, 
the  singleton  of  the  arbitrary  parameter  p.  So  set  structures  are  always  assumed  to 
be  closed  under  singletons.  As  shown  in  Chapter  2,  such  a  function  S(x)  satisfies  the 
definition  for  the  singleton  of  x,  and  the  meet  and  join  operations  of  the  Boolean 
algebra  satisfy  the  definitions  of  the  set  theoretic  intersection  and  union.  There  is  no 
inconsistency  in  this.  There  are  cylindric  algebras  of  cardinality  «  with  k  atoms.  We 
can  define  a  singleton  function  and  membership  relation  over  such  algebras. 

How  does  this  theory  avoid  inconsistency  due  to  Russell's  paradox?  There  is 
no  membership  relation  in  the  algebra.  Assume  Vx[x£e  <-+  3y,  z[x  —  (y,  z)  A  JZ-Ez]], 
which  describes  an  element  e  which  is  (a  code  for)  the  membership  relation.  Similarly, 
assume  Vx[xEd\2  *-*  3y,  z[x  =  (y,z)  Ay  =  z]],  which  says  that  the  element  d\2  is  (a 
code  for)  the  identity  relation.  Then  it  seems  natural  to  define  r  to  be  c\(d\i'  ~  e). 
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One  axiom  of  the  theory  is  x  <  cK(x).  So  Russell's  set  would  contain  all  the  ordered 
pairs  which  belong  to  dw  ~  e.  Thus  cylindrification  need  not  exactly  correspond 
to  binding  a  variable  by  quantification.  In  fact,  a  simple  type  of  model  for  the 
theory  of  cylindric  algebras  is  a  small  set  of  relations  over  a  set  D  where,  for  some  a, 
every  relation  in  the  algebra  is  a  subset  of  Da.  Then  cylindrification  terms  are  not 
interpreted  in  a  way  which  gives  the  extension  of  x$x. 

Another  line  of  research  in  set  theory  with  a  universal  set  follows  work  of  Church 
[9].  He  argued  that  there  is  motivation  to  pursue  such  theories,  proposed  a  list 
of  axioms  which  seem  reasonable  for  such  theories  and  constructed  a  model  which 
satisfies  some  of  them.  In  particular,  it  satisfies  axioms  of  extensionality  and  choice 
and  schema  of  separation  and  replacement  for  well-founded  sets  (hence,  also,  pair 
formation).  The  model  is  closed  under  binary  union  and  complement,  and  contains 
the  set  of  its  finite  ordinals.  For  well-founded  sets,  the  structure  is  also  closed  under 
power  sets  and  an  expanded  notion  of  cardinal  class  formation,  where  two  sets  have  a 
one-to-one  correspondence  in  which  corresponding  elements  have  the  same  size.  The 
model  does  not  have  the  membership  relation  as  an  element,  and  does  not  satisfy 
comprehension  axioms  for  non- well-founded  sets.  Church  observed  that  his  models 
of  set  theory  with  a  universal  set  could  also  be  thought  of  as  Boolean  algebras  with 
a  singleton  function. 

Emerson  Mitchell  continued  this  direction  [10].  He  constructed  an  extensional 
model  which  also  satisfies  the  replacement  scheme  for  well-founded  sets  and  is  closed 
under  complements  and  power  set  formation.  The  substructure  of  well-founded  sets 
in  his  model  is  isomorphic  to  V.  Unfortunately,  the  structure  is  not  closed  under 
binary  intersection  and  union.  This  surely  was  desired,  but  closure  under  intersec- 
tion produces  many  small  sets.  When  these  are  complex,  it  is  not  possible  in  the 
construction  to  recognize  which  ones  will  eventually  be  empty.  So  such  constructions 
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tend  to  admit  empty  non-zero  elements.  To  retain  extensionality,  Mitchell  sacrificed 
some  basic  Boolean  operations  in  this  construction. 

Dana  Scott  has  studied  structures  where  a  Boolean  algebra  is  endowed  with  a 
membership  relation  via  a  singleton  function.  He  concentrated  on  inverse  limits  of 
finite  algebras  to  develop  a  notion  of  profinite  Boolean  algebra.  In  those  structures 
the  natural  number  structure  is  non-standard,  so  they  are  not  good  candidates  for  a 
mathematical  universe. 

One  may  investigate  the  self-descriptive  aspects  of  category  theory  in  an  attempt 
to  develop  set  theory  with  a  universal  set.  The  structure  of  categories  is  a  category. 
The  operations  assumed  in  category  theory  are  among  those  used  in  set  theory.  In 
the  category  of  sets,  as  we  found  in  the  study  of  quantified  Boolean  algebras,  if  we 
add  the  assumptions  necessary  for  the  traditional  strength  of  set  theory,  then  the 
outright  inconsistency  due  to  Russell's  paradoxical  set  arises  again. 

A  recent  development  in  the  field  is  positive  set  theory,  or  topological  set  theory. 
The  theory  describes  a  lattice  structure  of  sets  closed  under  union  and  intersection. 
Since  the  order  induces  a  topology,  one  can  meaningfully  approximate  the  comple- 
ment of  a  set.  Again,  this  work  takes  the  Boolean  operations  as  most  fundamental  in 
logic,  and  takes  their  effectiveness  to  be  part  of  their  nature  as  rules  of  grammar  for 
a  simple  language.  The  necessity  of  approximation  to  represent  complements  seems 
far  from  the  intuition  suggested  by  the  ideal  set  theory. 

Oberschelp  [ll]  has  developed  some  theories  which  combine  various  features  of 
ZF  and  NF.  These  theories  are  consistent,  but  they  are  quite  weak  in  their  treatment 
of  large  classes,  as  are  most  theories.  His  theory  ZF+Af-Comprehension  has  a  super- 
ficial similarity  to  strictly  quantifier-free  comprehension.  In  his  M- Comprehension 
scheme,  he  describes  an  assignment  of  an  index  0  to  element  variables  (those  which 
occur  on  the  left  side  of  e)  and  1  to  class  variables  (those  which  occur  on  the  right 
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side  of  G).  A  variable  which  receives  both  indices  in  different  occurrences  is  restricted 
to  small  classes.  This  again  uses  the  limitation  of  size  doctrine  to  rescue  the  theory 
when  the  ideas  intended  to  resolve  the  paradoxes  fail  to  do  so. 

There  is  a  program  of  reverse  mathematics,  initiated  by  Friedman  [12]  and  by 
Simpson,  Friedman  and  Smith  [13],  which  develops  substantial  parts  of  algebra  and 
analysis  in  second  order  arithmetic,  where  the  sets  form  a  Boolean  algebra.  That 
program  uses  theories  with  weak  comprehension  schema,  often  weaker  than  n|-CA 
or  even  YfyCA,  so  not  every  relation  is  assumed  to  have  a  range.  Why  not  extend 
the  program  of  reverse  mathematics  in  its  arithmetic  setting?  One  objection  is  that 
it  is  very  awkward  to  encode  all  constructions  in  arithmetic.  Second,  the  validity 
of  theorems  in  some  cases  depends  on  the  use  of  encodings  different  from  those 
originally  chosen.  Such  results  may  be  seen  as  theorems  about  the  codes,  not  about 
the  mathematical  universe.  Third,  the  restriction  to  second  order  structures  rules 
out  the  use  of  second  order  parameters  in  comprehension  axioms.  One  consequence 
of  this  is  that,  while  the  axiom  scheme  Y,yCA  implies  E„-CA  for  every  n  6  w,  at 
the  same  time  nj-CA  does  not  imply  U^-CA  for  n  >  1.  In  set  theory  with  a  genuine 
universal  set,  the  confrontation  of  Russell's  paradox  forces  a  conceptualization  where 
the  ZF  rank  of  sets  is  irrevelant.  Finally,  even  in  the  weakest  theories  of  reverse 
mathematics,  comparable  to  effective  analysis,  it  is  provable  that  the  set  of  reals  is 
uncountable.  These  theories  prohibit  a  refinement  of  the  notion  of  uncountability 
within  the  theory  itself. 

The  construction  of  a  model  of  strictly  quantifier- free  comprehension  will  develop 
as  follows.  Chapter  2  introduces  most  of  the  basic  ideas  of  the  main  constructions, 
which  are  atomic  Boolean  algebras  with  singleton  functions. 

DEFN   1.3.  Define  an  S-algebra  (C,  A,V,~,S)  to  be  any  atomic  Boolean  algebra 
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with  a  function  S  :  C  — ►  C,  where  the  values  of  S  are  atoms  of  C.  The  associated 
membership  relation  for  any  y,z  E  C  is  defined  by  yEz  iff  S(y)  <  z.  Then  the 
maximum  element  of  the  Boolean  algebra  contains  all  elements  of  the  algebra,  and 
we  denote  this  universal  element  by  u. 


It  is  useful  to  distinguish  the  membership  structure  (C,  E)  of  an  S-algebra  be- 
cause sometimes  it  is  necessary  to  refer  to  the  associated  membership  relation  before 
we  have  completed  closure  of  a  structure  under  S  =  U{Sm}m€N-  The  constructions 
which  follow  use  finite  Boolean  subalgebras  Bm  <  N2  with  a  function  Sm  which 
maps  each  element  of  Bm  to  an  atom  of  N2.  Some  of  those  atoms  are  outside  of  Bm. 
Still  xEmy  «-»  Sm(x)  <  y  defines  a  membership  relation  between  any  x  €  Bm  and 
any  y  €  N2.  Even  though  Bm  is  not  closed  under  Sm,  the  membership  structure 
(Bm,Em)  does  satisfy  closure  under  Boolean  operations.  Upon  iteration  to  close 
under  singletons,  that  membership  relation  is  the  associated  membership  relation  for 
the  singleton  function  S  so  defined. 

Section  2.1  contains  the  basic  definitions  and  some  basic  constructions  and  re- 
sults about  these  structures.  There  are  basic  Boolean  algebras  with  singleton  func- 
tions, and  one  contains  an  element  e  which  codes  the  membership  relation  for  the 
entire  structure.  Section  2.2  contains  a  more  complex  but  finitely  generated  S-algebra 
which  introduces  most  of  the  ideas,  structural  features  and  terminology  used  in  the 
model  of  strictly  quantifier-free  comprehemsion  with  internal  countabiltiy,  which  is  in 
Section  4.2.  Section  2.3  contains  two  theorems.  First,  the  class  of  singleton  algebras 
is  closed  under  direct  limits.  Second,  if  a  structure  is  closed  under  certain  familiar 
"Godel-like"  operations,  then  it  satisfies  strictly  quantifier-free  comprehension. 

Chapter  3  contains  a  theorem  that  any  S-algebra  closed  under  these  Godel- 
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like  operations  contains  an  extensional  S-subalgebra  which  preserves  that  closure 
property. 

Chapter  4  begins  with  a  preliminary  discussion  in  Section  4.1  of  the  main  con- 
struction in  Section  4.2  of  an  internally  countable  S-algebra  closed  under  Godel-like 
operations.  That  structure  is  a  direct  limit  of  finitely  generated  S-algebras.  Section 
4.3  is  the  verification  that  this  system  constructed  is  indeed  a  direct  limit. 

Chapter  5  summarizes  the  main  features  of  the  construction  and  its  method. 
There  is  also  a  brief  description  of  a  program  which  promises  to  extend  this  method- 
ology to  a  resolution  of  the  Russell  and  Cantor  paradoxes  as  discussed  in  the  presence 
of  an  axiom  of  replacement  strong  enough  to  support  substantial  algebra  and  analysis. 


CHAPTER  2 
BASIC  CONSTRUCTIONS 

In  this  chapter,  we  will  use  various  relatively  simple  S-algebras  constructions 
to  become  familiar  with  a  method  of  construction  which  we  repeat  in  Chapter  4, 
essentially  as  one  step  in  a  direct  limit  system  of  structures.  The  main  example  of 
this  chapter,  in  section  2,  will  contain  the  distinguished  features  listed  in  (2-1)  below, 
each  of  which  will  satisfy  the  corresponding  property  in  (2-2).  The  incorporation  of 
these  features  will  use  almost  all  the  essential  ideas  of  the  complicated  direct  limit 
in  Chapter  4,  which  has  infinitely  many  similar  features.  We  will  finish  this  chapter 
with  section  3  which  contains  some  general  results  about  S-algebras. 

DEFN  2.1.  In  a  membership  structure  (C,E),  we  will  define  the  following  distin- 
guished elements. 

(2-1)  u  is  the  universal  set 

e  is  the  membership  relation  E 

u    is  the  set  of  all  elements  which  are  not  ordered  pairs 

u  is  the  set  of  all  natural  numbers  for  the  structure 

/  is  a  1-1  function  which  maps  u  into  u 

V(u>)  is  the  power  set  of  u 

V(e)  is  the  power  set  of  e 

We  will  avoid  the  notation  u1  since  in  Chapter  4  we  will  use  u2  and  u3  to  denote 
elements  which  contain,  respectively,  all  ordered  pairs  and  all  ordered  triples  of  the 
structure. 
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We  use  (y,  z)  as  an  abbreviation  for  S((y))  VS(S(y)  VS(z)),  the  usual  code  for  an 
ordered  pair  as  coded  in  the  model.  So  the  structure  is  closed  under  ordered  pairs, 
and  the  ordered  pair  function  will  be  one-to-one  because  S  will  be  one-to-one.  We 
will  use  (y,  z)  to  denote  an  actual  ordered  pair  in  V,  for  example,  the  model  (C,  E) 
refered  to  in  Defn  2.1.  We  will  denote  the  natural  numbers  of  the  real  world  by  N 
to  avoid  confusion  with  the  element  u  of  the  model.  With  the  membership  relation 
induced  by  yEz  «-»  S(y)  <  z,  we  can  then  describe  the  desired  properties  of  the 
distinguished  features  as  follows. 

(2-2)  xEu        for  all  x 

xEe  <-►  3y,  z  €  B[x  =  (y,  z)  A  yEz] 
xEi  <-►  3y,  z  €  B[x  =  (y,  z)  A  y  =  z] 
xEu0  <-*fiy,z€  B[x  =  (y,  z)) 
({xeB\xEu>},E})*(N,e) 
Vx,  y,  z[(x,  y)Ef  A  (x,  z)Ef  -►  y  =  z 

Vx3yEu[(x,y)Ef] 
Vx,  y[(x,  y)Ef  ^  V*[(x,  z)Ef  ~  z  =  y\\ 
xEV(ui)  *-¥  x  <u 
xEV(e)  *-*  x  <  e 

2.1.  Basic  Constructions 

These  introductory  examples  will  be  Boolean  subalgebras  of  a  familiar  atomic 
Boolean  algebra,  (N2,  A,  V,  ~  ),  the  set  of  functions  from  N  into  {0, 1}.  Our  Boolean 
operations  are  inherited  in  that  context  so  long  as  our  singletons  are  atoms  of  N2. 
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Note  that  atoms  of  a  subalgebra  C  may  not  be  atoms  of  N2.  To  minimize  confusion, 
we  will  generally  use  atoms  of  N2  and  clearly  note  the  exceptions.  If  we  have  a 
subalgebra  C  <  N2  with  a  singleton  function  S  :  C  — ►  C  such  that  for  every  x  G  C 
the  singleton  S(x)  is  an  atom  of  N2,  then  for  all  x,  y  £  C  we  define  a  membership 
relation  xEy  «-»  S(x)  <  y.  In  that  case,  since  S(x)  is  an  atom  of  N2,  we  have 
S(x)  <  y  A  z  iff  S(x)  <  y  and  S(x)  <  z.  So  y  A  z  is  y  f\  z  relative  to  (C,E). 
Closure  under  union  and  complement  are  similar.  Thus  (C,  E)  satisfies  closure  under 
complement  and  binary  union  and  intersection,  and  the  Boolean  operations  of  N2 
do  play  their  intended  roles.  Moreover,  since  S  is  one-to-one,  for  any  x,y  £  C  the 
structure  (C,  E)  satisfies  yES(x)  «-►  y  =  x.  Thus,  our  terminology  of  singleton 
function  is  appropriate,  and  we  formalize  the  following  definition. 

DEFN  2.2.  For  any  S-algebra  (C,  A,  V,~,S),  any  set  X  included  in  C  and  any  ele- 
ment x  £  C,  the  smallest  S-algebra  in  C  which  contains  X  and  x  is  the  S- subalgebra 
generated  by  X  and  x;  denote  it  by  SA(X,  x).  We  use  BA(X,  x)  to  denote  the  Boolean 
subalgebra  generated  by  X  and  x.  When  we  refer  to  a  subalgebra  generated  by  X  and 
x  without  specifying  whether  it  is  an  S-subalgebra  or  a  Boolean  subalgebra,  it  will 
be  the  Boolean  subalgebra  generated  by  X  and  x.  If  X  is  a  Boolean  algebra,  then  we 
use  X(x)  for  BA(X,  x).  Since  the  associated  membership  relation  for  any  y,  z  €  C  is 
defined  by  yEz  iff  S(y)  <  z,  the  maximum  element  of  the  Boolean  algebra  contains 
all  elements  of  the  algebra,  and  we  denote  this  universal  element  by  u. 

EXAMPLE  2.3.  We  construct  an  S-algebra,  one  which  happens  to  be  the  minimum 
S-algebra.  We  will  choose  a  Boolean  subalgebra  of  (N2,  A,  V,  ~  )  and  augment  the 
structure  with  a  singleton  function.  To  avoid  confusion  with  elements  of  u>,  we  will 
use  0  and  1  to  denote  the  identities  of  our  Boolean  algebras.  Thus  u  will  be  1. 
Let  A  <  N2  be  the  Boolean  subalgebra  generated  by  the  atoms  xtj\  f°r  ^1  j  €  N2, 
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where  X{,)  is  the  characteristic  function  of  the  singleton  of  j.  Enumerate  A  without 
repetitions  as  {xj}j^u.  Define  ind(xj)  =  j,  so  xin^/x\  =  x,  and  ind  maps  A  one-to- 
one  onto  u>.  Define  S(x)  =  X{ind(a;)}- 

Now  (A,  A,  V,  ~,  S)  is  an  S-algebra  since  S  is  one-to-one  and  its  values  are  atoms. 
This  structure  is  closed  under  formation  of  finite  and  co-finite  sets,  including  0  =  0 
and  «  =  1.  It  contains  only  the  finite  and  co-finite  sets.  It  includes  a  copy  of  Vu  and 
it  is  extensional.  Still  it  is  uninteresting.  As  we  make  the  algebra  richer  and  more 
useful,  of  course,  it  is  more  difficult  to  achieve  extensionality. 

The  definition  of  S-algebras  does  not  require  that  all  atoms  of  N2  will  be  used 
by  S.  That  would  trivialize  the  problem  of  extensionality,  so  it  is  not  generally 
possible.  The  main  theorem  of  Chapter  3  gives  an  extraction  of  an  extensional 
substructure  from  an  S-algebra  which  preserves  the  features  of  concern  in  this  work, 
and  it  is  generally  very  much  easier  to  separate  the  extensionality  problem  from  other 
restrictions  on  construction  of  an  S-algebra.  The  definition  also  does  not  require  that 
the  singleton  function  S  map  onto  all  the  atoms  of  N2  which  are  in  the  subalgebra 
C.  However  that  will  be  the  case  in  our  constructions,  since  the  following  problem 
can  arise  otherwise. 

Suppose  we  define  B  =  U{5m}mgN  <  N2  by  induction  on  m.  We  will  formally 
define  Bm+\\Bm  to  be  the  m  rank  of  B.  If  an  object  in  Bm  has  support  in  N2 
of  cardinality  one  or  two  while  the  object  has  no  members  at  a  stage  Bm  in  our 
construction,  then  it  is  not  an  ordered  pair  in  Bm,  and  Sm  will  place  it  in  u°,  hence 
in  the  complement  of  any  relation  such  as  eor  ~  e\u  .  If  the  object  turns  out  to 
be  an  ordered  pair  at  a  later  stage,  we  could  not  then  treat  it  as  an  ordered  pair 
and  maintain  a  compatible  system  of  singleton  functions.  This  is  why  we  generally 
construct  each  algebra  B  as  \J{BTn}m^N  by  an  induction  on  m,  and  we  start  with 
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a  sparse  subalgebra  of  N2,  i.e.  a  algebra  whose  elements  differ  by  infinitely  many 
atoms.  In  such  constructions,  there  are  no  ordered  pairs  initially,  since  they  must 
have  support  of  size  one  or  two.  As  we  iterate  to  close  under  singletons,  we  produce 
ordered  pairs  only  via  singletons  of  previously  constructed  elements.  So  when  we 
produce  an  ordered  pair  in  the  construction  we  are  in  a  position  to  recognize  the 
ordered  pair  immediately  and  define  its  singleton  appropriately. 

The  next  proposition  verifies  that  there  is  a  minimum  S-algebra,  and  it  is  an 
introduction  to  the  important  notion  of  ranking  relative  to  a  generator  algebra.  Since 
structures  with  a  universal  set  involve  self-description,  especially  those  with  a  univer- 
sal membership  relation,  we  need  to  be  careful  in  our  treatment  of  this  characteristic. 
The  way  we  accomplish  this  is  by  induction  on  ranks  relative  to  a  generator  algebra. 
Our  constructions  use  the  fact  that  we  begin  with  atomic  subalgebras  in  N2  whose 
minimal  non-zero  elements  have  infinite  support,  so  sup's  of  finitely  many  of  the 
singletons  we  define  are  never  elements  of  the  generator  algebras. 

DEFN  2.4.  Let  C  be  an  S-algebra  with  a  Boolean  subalgebra  Q  <  C.  Suppose  that 
for  all  xj, . . . ,  Xjt  €  C,  we  have  S(xi)  V  •  •  •  V  S(xj(.)  ^  Q.  The  ranks  of  C  with  respect 
to  Q  are  Rq  =  Q  and  i2m+i  =  i?m(S[i?m])\ilm,  which  is  the  set  of  new  elements  of 
the  Boolean  extension  of  Rm  by  the  set  of  singletons  S[i?mj.  So  the  mth  rank  is  the 
set  of  new  elements  introduced  at  stage  m.  The  rank  p(x)  is  the  least  m  such  that 
x  G  Rm-  We  use  Cm  to  denote  Rq  U  •  •  •  U  Rm  and,  for  uniformity,  Cu  denotes  C. 

PROPN  2.5.  If  C  is  an  S-algebra  then  it  has  an  S-subalgebra  M  which  is  included 
in  each  of  its  other  S -subalgebras.  If  C  and  C'  are  S-algebras,  then  their  minimal 
S  -subalgebras  M  and  M'  are  isomorphic. 

PROOF:  Among  the  S-subalgebras  of  C  is  C  itself,  and  the  intersection  M  of  all 
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S-subalgebras  of  C  is  closed  under  V,  A,  ~  and  S,  i.e.   it  is  an  S-subalgebra.   It  is 
included  in  all  S-subalgebras  of  C,  so  it  is  the  minimum  S-subalgebra  in  C. 

We  will  represent  M  as  the  union  of  Boolean  algebras  Mm,  which  we  can  natu- 
rally define  as  its  ranks  with  respect  to  the  generating  Boolean  subalgebra  {0, 1}. 

Let  S  be  the  singleton  function  of  C,  and  let  C'  be  another  S-algebra  with 
singleton  function  S'  and  minimum  S-subalgebra  M' .  We  define  Mq  =  {0,1}  and 
define  Mm+\  is  the  Boolean  algebra  Mm(S(x)|x  G  Mm).  Since  S  is  one-to-one,  we 
know  0,  S(0),  S(S(0)),  etc.  are  distinct,  and  the  subalgebra  M  is  infinite.  Now 
consider  the  set  of  elements  which  are  either  finite  and  equal  to  S(xi)  V  •  •  •  V  S(xj.) 
for  some  x\, . . . ,  xk  €  Mm,  or  are  co-finite  and  equal  to  ~  (S(zj)  V  •  •  •  V  S(xj.)),  for 
some  xi,..., xfc  €  Mm.  Elements  of  this  set  are  uniquely  erpresentable  by  one  of 
these  forms.  The  set  is  closed  under  A,  V,  S  and  ~.  Thus,  we  have  simple  unique 
normal  forms  in  M.  So  we  can  define  tl>o(0)  =  0'  and  V'o(l)  =  l'«  Let 


(2-3)  tfm+l(S(*l)  V  •  •  •  V  S(xk))  =  S'(V>m(*i))  V  •  •  •  V  S'(V>m(**)) 


and 


(2-4)  Vm+l(~  (S(*i)  V  •••  V  S(xk)))  m~  (S'(V-m(xi))  V  •  •  •  V  Sf(^m(x4))) 

The  total  function  ^  is  U{^>m}mgw- 

Since  S  and  S'  are  one-to-one,  the  map  ^»  is  well-defined  and  one-to-one.  Since 
M'  is  minimal,  the  map  ip  is  onto  M'.  | 

Note  some  important  features  in  this  construction.    We  start  with  a  Boolean 
subalgebra  Q  of  N2  whose  non-zero  elements  all  have  infinite  support.  This  guarantees 
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that  neither  the  non-zero  elements  of  Q,  nor  their  Boolean  combinations  with  the 
singletons  we  generate,  will  become  ordered  pairs  of  elements  generated  later,  since 
an  ordered  pair  is  a  sup  of  just  one  or  two  atoms  of  N2. 

DEFN  2.6.  For  any  x  €  N2  the  support  of  x  is 

(2-5)  supp(x)  =  {j€u;|x(j)  =  l} 


DEFN   2.7.  A  subalgebra  Q  <  N2  is  sparse  if  its  nonzero  elements  have  infinite 
support. 

So,  if  Q  is  sparse  then  we  know  that  elements  of  Q  will  not  be  ordered  pairs 
of  other  elements  of  Q  or  of  any  objects  constructed  at  later  stages.  Of  course  the 
singletons  we  define  for  elements  of  this  sparse  Q  are  atoms  of  N2,  so  they  are  not 
in  Q.  They  generate  an  expanded  algebra  over  Q,  for  which  we  need  to  define  more 
singletons.  As  we  iterate  this  procedure,  the  only  way  a  singleton  arises  is  if  its 
element  has  been  previously  defined.  Thus,  we  do  not  encounter  x  =  S(x)  or  related 
situations  such  as  x  =  (x,x). 

We  proceed  with  an  example  to  demonstrate  that  an  internal  code  for  the  en- 
tire membership  relation  can  actually  be  a  simple  matter,  when  we  construct  an 
S-algebra  by  ranks  from  a  generating  algebra.  We  will  define  a  Boolean  algebra 
B  =  \J{Bm}m£U  with  a  one-to-one  singleton  function  S  which  maps  B  to  its  atoms. 
The  algebra  B  will  contain  finite  and  co-finite  sets,  and  elements  e  and  ~  e.  The 
element  e  will  enumerate  all  elements  of  the  structure  as  cross-sections,  i.e.  it  satisfies 
Vx[xEe  «-►  3y,  z[x  =  (y,  z)  A  yEz]].  The  S-algebra  B  will  also  be  extensional. 

EXAMPLE  2.8.  In  (N2,  A,  V,  ~  )  let  e  =  X2n>  the  characteristic  function  of  the  even 
numbers,  and  let  Bq  —  {0,  l,e,  ~  e}.  As  in  all  constructions  in  this  work,  we  choose 
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a  countable  environment  A  which  will  contain  all  objects  we  might  need  as  elements 

of  our  S-algebra.  This  is  because  we  only  have  countably  many  singletons  in  N2  as 

potential  placements  of  S(x).  The  environment  A  may  have  unnecessary  elements  as 

long  as  there  are  only  countably  many  of  them.  Take  A  to  be  the  Boolean  algebra 

generated  by  Bq  with  all  the  atoms  of  N2.    Enumerate  A  without  repetitions  as 

A  =  {xj}jcu.  Define  ind  :  A  — ►  u  by  ind(x,)  =  j,  so  xida/x\  =  x. 
J   J  onto  K  ' 

In  the  first  two  steps  of  the  inductive  definition  of  S,  we  use  the  fact  that  elements 
of  infinite  support  are  not  ordered  pairs.  Similarly  their  singletons  and  doubletons 
are  not  ordered  pairs  either.  For  all  x  G  Bq  let  So(z)  be  the  ind(x)  atom  under 
~  e.  For  all  n  G  w  define  Bm+\  to  be  the  Boolean  algebra  generated  by  Bm  and  its 
singletons,  Sm[i?m])-  For  all  x  €  B\  let  Si(x)  be  the  ind(x)  atom  under  ~  e,  since 
again  no  x  £  Bq  is  an  ordered  pair. 

Each  stage  i?m+2  will  contain  ordered  pairs,  and  some  should  become  members 
of  e.  For  all  m  €  u  and  all  y,  z  €  Bm  define  {y,z)m  =  Sm+i(Sm(y))  VSm+i(Sm(y)  V 
Sm{z))-  Note  that  we  use  the  index  of  a  function  to  indicate  its  domain.  So  if  (y,  z)m 
is  defined,  then  y  and  z  are  in  Bm.  Conveniently,  the  singleton  Sm(j/)  is  in  Bm+i, 
and  we  can  observe  whether  Sm(y)  <  Z.  So  for  all  x  €  #m+2  we  can  define  Sm+2  by 


(2-6)    Sm_|_2(x)  —  the  ind(x)     atom  under  e,      if  3y,z  €  Bm+\[x  =  (y,z)] 
Sm+2(x)  =  the  ind(x)     atom  under  ~  e,if   jBy,z  G  Bm+\[x  =  (y,z)]. 

Finally,  let  B  =  \J{Bm}meu 

The  requirement  that  the  singleton  function  be  one-to-one  is  easily  satisfied. 
Each  (infinitely  supported)  atom  relative  to  Bq  allows  us  to  place  any  number  of 
distinct  singletons  under  it,  which  we  do  by  use  of  the  one-to-one  index  function. 
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Note  that  since  S  is  one-to-one,  we  have  infinitely  many  elements  y  =  Sn(0).  So  we 
have  infinitely  many  elements  (y,  l)Ee,  and  we  have  infinitely  many  (y,0)E  ~  e.  It 
follows  that  B  is  extensional. 

In  one  sense,  the  element  e  is  the  most  complicated  in  the  universe.  In  another 
sense,  its  construction  requires  no  new  information  beyond  what  is  required  for  the 
sets  it  enumerates.  This  is  similar  to  the  construction  in  recursion  theory  of  an 
effective  simulator  for  all  effectively  computable  functions.  To  simulate  the  simulator, 
when  it  applies  to  a  function  paired  with  an  argument,  we  just  simulate  that  function 
on  that  argument.  In  that  sense,  the  simulator  does  not  act  as  a  complicated  function. 
It  acts  as  a  non-operation. 

The  simplicity  of  e  in  our  constructions  is  due  to  the  following  two  facts.  When 
we  define  Sm+2(j/>  z)m  and  we  need  to  decide  whether  to  place  it  under  e  or  not,  we 
have  already  defined  Sm(j/).  In  addition,  we  are  in  an  environment  with  an  order 
derived  from  the  Boolean  algebra  N2.  So  to  decide  the  placement  of  Sm+2{y ,  z)m, 
we  just  need  to  observe  whether  Sm(y)  <  e  or  not.  In  a  construction  in  Chapter 
4,  we  use  the  fact  that,  for  x  €  Bm  and  any  element  p  of  N2,  we  can  compare 
Sm(x)  with  p,  even  if  p  £  Bm.  This  is  an  advantage  associated  specifically  with  the 
Weiner-Kuratowski  style  codes  of  ordered  pairs. 

To  construct  an  algebra  with  e,  i  and  u  ,  we  could  easily  make  an  extensional 
model  by  exploiting  some  simple  observations.  The  members  e  and  u°  will  have  no 
common  elements.  Similarly  t  and  u°  have  no  common  elements.  The  pairs  e  and  i, 
e  and  ~  i,  ~  e  and  t,  and  ~  e  and  ~  i  each  have  infinitely  many  common  elements. 
Rather  than  rely  on  such  observations,  we  choose  a  more  generic  construction  which 
is  typical  of  our  more  complicated  models. 

In  complicated  constructions  we  will  not  want  to  burden  ourselves  with  antic- 
ipation of  how  many,  if  any,  elements  an  object  will  have  in  the  end.    In  the  next 
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chapter,  we  will  present  a  general  method  which  extracts  a  rich,  "comprehensive" 
extensional  substructure  from  any  S-algebra.  While  the  comprehensive  substructure 
will  not  be  an  elementary  substructure,  which  would  preserve  non-extensionality,  it 
will  be  a  rich  enough  substructure  to  preserve  the  features  listed  in  (2-1).  So  we  will 
allow  non-extensionalities  to  arise  in  our  construction. 

To  finish  consideration  of  this  model,  we  note  two  aspects  of  the  passage  to  an 
extensional  substructure.  First,  we  refer  in  this  chapter  to  "power  sets"  of  lj  and 
e.  In  a  non-extensional  membership  structure  associated  with  a  Boolean  algebra,  we 
will  find  for  some  x  that  Wz[zEx  — ♦  zEu]  without  z  <  u,  since  u\z  may  be  non-zero 
and  empty.  We  can  omit  such  z  from  V{u>)  since  that  situation  will  disappear  in  the 
extensional  substructure. 

A  second  consequence  of  non-extensionality  relates  to  undesired  elements  which 
may  qualify  as  natural  numbers  of  the  structure  if  we  define  the  natural  numbers 
by  their  extensions.  We  select  a  natural  representative  of  each  n  G  u>  based  on  the 
formulas  0'  =  0  and  (j  +  1)'  =  j'  V  Sm(j')  for  j  =  0, . . . ,  m  -  1.  These  elements 
are  distinct  because  ind  and  hence  Sm  are  one-to-one.  These  elements  will  have  a 
structure  isomorphic  to  (u>,  €  ),  and  they  will  be  present  in  any  S-subalgebra.  The 
undesired  elements  will  disappear  in  the  extensional  substructure.  Thus,  the  element 
denoted  u)  will  be  isomorphic  to  the  real  natural  numbers  and,  in  the  end,  it  will 
contain  all  the  natural  numbers  of  the  extensional  model. 

2.2.  The  Main  Construction 

We  begin  our  main  construction  of  this  chapter.  It  has  several  aspects.  One 
is  to  pick  some  elements  of  N2  which  dominate  an  adequate  number  of  atoms,  and 
whose  Boolean  combinations  also  dominate  an  adequate  number  of  atoms.  Then  we 
choose  a  countable  environment  to  facilitate  the  last  steps,  which  are  to  define  the 
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initial  and  successive  stages  of  an  inductive  definition  of  a  singleton  function.  Finally, 
of  course,  we  must  verify  the  properties  we  claim  for  the  distionguished  features  of 
the  algebra.  Throughout  this  section  we  will  introduce  terminology  which  is  used  in 
more  complex  constructions,  though  it  is  perhaps  not  necessary  for  this  construction 
itself. 

The  complex  parts  of  the  construction  are  those  in  which,  for  every  element 
x  of  the  structure,  we  choose  an  appropriate  atom  of  N2  to  be  its  singleton,  S(x). 
By  "appropriate"  we  mean  that  the  distinguished  features  play  their  intended  roles. 
Recall  that  this  means  B  must  satisfy  the  following. 


(2-2)  xEu    for  any  x 

xEe  4-»  3y,  z  G  B[x  =  (y,  z)  A  yEz] 
xEi  <-►  3y,  z  G  B[x  =  (j/,  z)  A  y  =  z] 
xEu    <-*fiy,z  G  B[x  =  {y,z)] 
({x€B\xEu},E})*(u,6) 

Vz3yEu[(x,V)Ef\  and  Vx,y[{x,y)Ef  ^Vz[(x,z)Ef  <-►  z  =  y}} 
xEV(u)  hi<« 
xEV(e)]  *-y  x  <  e 

We  have  seen  that  correct  treatment  of  ordered  pairs  is  problematic.  The  question 
which  arises  repeatedly  in  these  constructions  is  which  problems  in  the  comprehension 
axioms  can  be  resolved  by  the  nice  characteristics  of  Weiner-Kuratowski  pairs  and  our 
notion  of  rank  relative  to  a  generator  algebra.  Note,  incidentally,  that  our  purpose 
is  to  prove  the  consistency  of  some  axiom  systems  which  includes  an  axiom  that  the 
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ordered  pair  function  is  one-to-one.   The  usual  codes  for  ordered  pairs  are  just  one 
choice,  which  happens  to  be  convenient  for  the  method  of  construction  we  will  use. 

The  Generators 

We  can  easily  pick  a  finite  number  of  generators  all  of  whose  non-zero  Boolean 
combinations  dominate  infinitely  many  atoms.  For  example,  take  the  characteristic 
functions  of  the  first  seven  prime  ideals  in  the  natural  numbers  N.  This  choice  may 
result  in  non-extensionality,  but  that  can  be  rectified  as  we  show  in  Chapter  3. 

DEFN  2.9.  In  N2  we  define  the  distinguished  features 


(2-7)  e  =  X2N         «  =  X3n         "°  =  X5N         W  =  X7n         /  =  XIIn 

PM  =  X13N         V(e)  =  X17N 

Since  our  structure  will  be  countable,  the  Boolean  combinations  of  these  generating 
objects  do  have  room  for  singletons  of  all  possible  elements  under  them. 

A  Countable  Environment 

To  organize  the  choice  procedure,  and  in  order  to  define  members  of  the  dis- 
tinguished feature/,  we  will  choose  a  countable  subalgebra  A  <  N2.  This  algebra 
will  serve  as  a  countable  environment  which  contains  all  objects  we  will  need  in  this 
construction  and  also  any  things  we  are  not  sure  about,  so  long  as  there  are  only 
countably  many  of  them. 

DEFN  2.10.  Let  T  be  the  set  of  distinguished  features  e,  i,  u°,  u>,  /,  V(lj)  and 

■P(e).  Let  Q  be  the  finite  Boolean  algebra  generated  by  T.  Let  A  be  the  countable 

Boolean  algebra  generated  by  Q  with  all  the  atoms  \{j\  of  N2.  Enumerate  A  without 

repetitions  as  A  =  {a:,},ew  and  define  ind  : — ►  u;  by  xm^(x\  =  x. 

onto  I   ' 
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The  Central  Ideas 

Conditions  (2-2)  place  eight  restrictions  on  our  choice  of  the  values  for  the 
singleton  function.  The  construction  proceeds  in  stages  indexed  by  m  as  in  the 
previous  example,  2.8.  For  each  x,  for  each  generator  g  among  the  distinguished 
features,  we  will  decide  whether  to  place  Sm(x)  under  g  or  under  «•»  g.  The  combined 
restriction  which  results  is  a  non-zero  Boolean  combination  of  the  generators  in  Q. 
So  it  has  infinite  support,  and  we  can  distribute  infinitely  many  singletons  under  it 
if  necessary.  The  first  three  restrictions  are  quite  simple.  First,  when  we  encounter 
x  =  (y,z)m  and  need  to  define  Sm+2(x)i  we  need  to  know  if  yEmz.  That  is  easy, 
since  we  must  have  defined  the  singleton  Sm(j/)  in  the  construction  of  (j/,  z)m;  we  have 
the  order  structure  of  N2,  so  we  can  indeed  answer  the  question  whether  Sm(j/)  <  z. 
Second,  we  need  to  decide  if  x  needs  to  be  an  element  of  u  .  We  have  pointed  out 
that  if  we  have  an  object  x  in  a  structure  Bm  and  x  is  not  the  ordered  pair  of  any  two 
objects  in  stage  m,  then  it  will  not  be  the  ordered  pair  of  any  objects  from  any  stage. 
Thus  we  can  choose  a  singleton  for  it  which  is  dominated  by  u  .  Our  definition  of  the 
singleton  at  later  stages  by  the  same  principle  will  be  compatible  with  our  current 
choice.  Third,  when  we  have  x  =  (y,z)m,  we  can  observe  whether  y  =  z  and  place 
Sm+2(x)  under  i  if  required. 

For  the  element  u;,  first  note  that  for  all  q  G  Q  we  want  So(g)  <  u>  iff  q  =  0. 
At  stage  1,  the  only  natural  elements  of  u>  we  will  have  are  0  and  So(0).  We  place 
Si(S0(O))  under  u.  We  define  0'  =  0  and  (j  +  1)'  =  j'  V  Sm(j).  At  each  stage  m, 
the  natural  numbers  0', . . . ,  m'  are  elements  of  Bm  and  we  must  define  a  singleton 
for  the  one  new  natural  number  m! .  So  we  will  place  only  Sm(m)  under  u  with  its 
natural  number  predecessors.  Note  that  these  elements  are  not  ordered  pairs  (only  l' 
and  2'  even  have  the  correct  support),  so  the  compatibility  of  the  different  singleton 
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functions  on  these  elements  is  not  problematic.    Thus,  in  reference  to  j' ,  we  will 
suppress  reference  to  the  stage  index  m. 

So  long  as  the  minimal  non-zero  elements  q  of  our  finite  generator  algebra  Q  <  N2 
have  infinite  support,  we  can  place  as  many  objects'  singletons  as  we  need  to  under 
each  q.  To  distribute  the  singleton  of  a  given  x  €  Bm,  we  choose  the  ind(x)  atom 
of  N2  under  q.  (We  refer  here  to  the  atoms  as  ordered  by  the  map  ind,  but  other 
orders  would  serve  as  well.)  Of  course,  as  we  generate  singletons,  we  will  generate 
objects  of  finite  support.  They  are  the  natural  finite  sets  of  our  structure,  and  we 
will  not  try  to  put  infinitely  many  elements  in  them. 

For  the  element  /,  we  use  the  index  function  a  second  time.  As  we  generate 
and  recognize  an  ordered  pair  x  =  (y,  z)m,  we  place  Srn+2(x)  under  /  iff  z  —  ind(y)'. 
When  an  element  y  is  generated  in  the  construction,  we  may  not  yet  have  ind(j/)'  in 
the  partial  structure.  This  is  not  a  problem.  We  only  need  to  recognize  then,  for 
each  ordered  pair  x  =  (y,z)m  which  we  have  constructed,  that  Sm+2(z)  is  not  to  be 
under  /. 

Finally,  we  have  the  power  sets  of  two  elements.  One,  V(u),  is  closely  related 
to  the  real  line.  The  other,  'P(e),  is  simply  the  power  set  of  the  most  complicated 
element  in  the  model.  Both  are  treated  the  same.  We  will  place  Sm(^)  under  P(w) 
iff  x  <  w,  and  under  V(e)  iff  x  <  e.  As  noted  above,  there  is  a  problem  with  non- 
extensionality,  and  this  will  disappear  in  an  extensional  substructure.  For  now,  we 
have  an  element  which  contains  an  extensionally  equivalent  representative  of  any  set 
x  such  that  Vz[zEx  — ►  zEu],  and  similarly  for  V(e). 

Note  two  significant  characteristics  of  unions  of  Boolean  algebras  as  compared 
with  the  more  common  construction  of  a  union  of  unstructured  sets  (Cn,En)  of 
elements.  Mitchell's  construction  [10]  ignores  the  algebraic  structure  available  in 
intermediate  stages.  The  result  is  that  the  universal  quantifier  in  the  usual  definition 
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of  the  subset  relation  requires  laborious  analysis.  Here,  we  can  represent  the  subset 
relation  by  a  quantifier-free  formula.  Moreover,  when  we  extract  a  rich  extensional 
substructure  in  Chapter  3,  we  use  the  fact  that  every  countable  Boolean  algebra  is 
projective.  Thus,  we  find  significant  advantages  in  use  of  an  algebraic  construction 
similar  to  generators  with  relations,  rather  than  construction  of  a  Henkin  model  for 
a  comprehension  scheme  which  we  have  become  convinced  is  consistent. 

The  Initial  Stages 

We  now  begin  an  inductive  definition  of  an  S-algebra  B  with  elements  which 
satisfy  (2-2).  The  structure  B  will  be  the  union  of  a  chain  of  Boolean  algebras  Bm, 
each  of  which  has  a  total  singleton  function  Sm  some  of  whose  values  are  not  in  Bm. 
The  algebra  Bm+\  will  be  the  extension  of  Bm  by  those  singletons.  So  Bm+\  is 
Bm(Sm[Bm])-  We  will  use  subscripts  to  indicate  the  domain  of  each  function.  For 
all  y,z  e  Bm,  we  define  {y,z)m  =  Sm+i(Sm(j/))  V  Sm+i(Sm(y)  V  Sm(z)).  So  (y,z)m 
will  be  a  member  of  the  structure  Bm+2- 

DEFN  2.11.  We  will  refer  to  the  elements  e,  i,  u  ,  u,  /,  V{u})  and  V(e)  as  special 
terms.  Let  T  denote  the  set  of  those  elements.  Let  Bq  be  the  Boolean  algebra 
generated  by  T.  To  facilitate  the  definition  of  Sm  we  introduce  the  restriction  on 
Sm(i)  due  to  t,  which  we  denote  Rm(x,  r)  €  {r,  ~  t},  for  each  m  €  u;,  each  x  G  Bm 
and  each  t  €  T. 

As  described  above  we  will  decide  the  value  of  each  Rm(x,  r).  Then  for  each 
m  €  u  and  x  €  Bm,  we  know  A{R-m(x>T)}reT  has  infinite  support  in  N2,  so  we 
can  define  Sm(x)  to  be  the  ind(a;)<'1  atom  under  /\{Km(x,r)}T£T,  and  continue  the 
induction  on  m.  The  order  of  atoms  we  refer  to  is  their  order  in  the  enumeration  of 
elements  of  A. 

DEFN  2.12.  We  define  Sq  and  Si  separately  from  Sm+2-  Since  Bq  is  sparse,  none  of 
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its  elements  are  ordered  pairs.  The  only  natural  number  in  Bq  is  0.  Our  definition 
of  subsets  of  u  or  of  e  does  not  depend  on  m,  since  it  just  refers  to  the  order  relation 
of  N2.  Thus  we  define 

(2-8)                                 Rq(x,  t)  =  ~  r  for  t  =  e,  i,  f  and  any  x 

R§(x,u°)  =  u°  for  anyx 

RJq(x,u>)  =  u  «-»  x  =  0 

B$(x,V(uj))  =  V{u;)  <-►  x  <  u 

B%(x,V{e))  =  V(e)  ~  x<e 

Let  So(x)  be  the  ind(x)     atom  under  A{^o(x'r)J7'€T'- 

Now  B\  contains  elements  So(y)  and  So(y)  V  So(^).  In  such  cases  the  elements 
y,z  €  Bq  are  either  0  or  have  infinite  support,  so  B\  still  contains  no  ordered  pairs. 
The  only  natural  number  codes  present  are  0  and  So(0).  Thus,  we  define  Si(x)  as 
the  ind(x)'"  atom  under  A{^-i(x»T)}rGT5  where 

(2-9)                                 Rj(x,r)=~r  for  r  =  e,  i,f  and  any  x 

R?(x,u°)  =  u°  for  anyx 

R?(x,u;)  =  u>  <-f  x  =  0,So(0) 

Rf {x,V(u))  =  V(u)  <-+  x  <  u 

Rf(x,p(e))  =  -P(e)  +-►  x<e 

Note  that  the  singleton  function  Si  is  an  extension  of  Sq. 
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The  Successive  Stages 

The  next  stages  Bm+2  do  contain  ordered  pairs. 

DEFN  2.13.  We  define  (y,z)m  to  be  Sm+i(Sm(y))  V  Sm+i((Sm(y)  V  Sra(z)).  Then 

(2-10)  Sm+2(a:)  is  the  ind(x)"1  atom  under  /\{R^+2(x>T)}reT 


where 


(2-11)  R^+2(x,e)  =  e  *->  3y,z  G  Bm[x  =  (y,z)m  A  Sm(y)  <  z] 

Rm+2(x'0  =  i  *+  3y,z€  Bm[x  =  {y,z)m  Ay  =  z] 

Rm+2(a;' u°)  =  u°  *■*  fly>2€  Bm[x  =  (y, z)m] 

Rm+2(x,")  ■  «  «  *  =  0  V  3;  <  m  +  l[x  =  /  V  Sm+i(j')3 

Rm+2(x'  /)  =  /  *■♦  3y,  2  G  Bra[i  =  (y,  z)m  A  ind(y)'  =  «] 

We  define  J5  =  \J{Bm\m  G  a;}  and  S  =  (J{Sm|m  G  w}.  Technically,  as  we 
define  each  Bm,  we  define  a  finite  isomorphism  of  {0, ... ,  m}  to  {0', . . . ,  m'}.  Then 
this  isomorphism  is  referred  to  in  the  clause  of  (2-11)  for  R^^a^o;). 

This  ends  the  main  construction  for  this  chapter. 

Verification  of  the  Desired  Properties 

PROPN  2.14.    The  structure  B  of  definitions  (2.12,13)  is  an  S-algebra. 

PROOF:  We  need  to  prove  the  singleton  function  is  well-defined.  We  observed  above 
that  Si  extends  Sq.  To  prove  by  induction  that  Sm+2  extends  Sm+i,  we  assume  that 
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Sm+1  extends  Sm.  Consequently  (•,  -)m  extends  (•,  -)m_i.  It  will  suffice  to  show  that 
for  any  x  G  Bm+\  we  have  RS,+2(x,t)  =  R^+1(x,r)  for  each  r  €  T.   Then  both 
Sm+2  and  Sm+i  will  choose  the  ind(x)*"  atom  in  the  same  partition  subset  of  N,  i.e. 
the  ind(x)     atom  under  A{Rm+2(x'T)}7"€T- 

The  universal  set  u  is  trivial,  because  S(x)  <  u  =  1  for  every  x,  and  the  terms 
e,  i  and  u°  are  similar  to  each  other.  For  the  set  u°  of  non-pairs,  let  x  €  #m+l- 

(2-12)RS,+2(*,u°)ss~u° 

<-►  3y,  z  e  Bm  [x  =  (y,  z)m]  by  defn  (2-11) 

<-►  3y,  z  €  Bm_i  [x  =  (y,  z)m]  since  x  G  #m+i 

«-►  3y,z  €  Bm_\  [x  =  (y,2)m-i]  by  induction  hypothesis 

*-*  R-m+iC1^0)  =~  «°  by  defn  (2-n) 

For  the  code  e  of  the  relation  E, 

(2-13)      RSj+2(x,e)  =  e 

«-»3y,  z€Bm[x  =  (y,  z)m  A  Sm(y)  <  z]  by  defn  (2-11) 

^3y,  a  €  £m_i  [x  =  (y,  z)m  A  Sm(y)  <  z]  since  x  €  £m+i 

<-+3y,2  g  i5m_i  [x  =  (y,z)m_i  A  Sm_i(y)  <  z]  by  ind.  hyp. 

<->R^+1(x,  e)  =  e  by  defn  (2-11) 

For  the  code  i  of  the  identity  relation,  the  analysis  of  R^  ,2(x,i)  is  again  similar. 

(2-14)  RSm+2(x,i)  =  i 

«-»  3y,  z  €  £m  [x  =  (y,  z)mAj/  =  z]  by  defn  (2-11) 
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*->  3y,  z  e  Bm_i  [x  =  (y,  z)m  A  y  =  z]  since  x  €  £m+i 

<-►  3y, z  6  Bm_i  [x  =  (y, z)m_i  Ay  =  z]  by  ind.  hyp 

*-*  R%+i(x, 0  =  *  by  defn  (2-11) 

The  case  of  the  term  u  is  somwhat  different. 

(2-15)Rm+2(x,u;)=u; 

wi  =  0V3i<m  +  l[i=i'v  Sm+i(/)]     by  defn  (2-11) 
<-»  [x  =  0  V  3j  <  m  [x  =  /  V  Sm(/)]]  by  ind.  hyp 

Vx  =  ((m  +  l)'vSm+i((m  +  l)')) 
«  RS,+l(i,w)  =  u  V  x  £  5m+i  by  defn  (2-11) 

The  case  of  /  is  also  different  from  the  definable  elements. 

(2-16)  rS,+2(* J)  =  / 

<-*3y,  z  €  Bm  [x  =  (y,  z)m  A  ind(y)'  =  z]  by  defn  (2-11) 

«->3y,  z  €  5m_i  [x  =  (y,  z)m  A  ind(y)'  =  z]  since  x  €  Bm+\ 

<->3y,  z  €  Bm_i  [x  =  (y,  z)m_i  A  ind(y)'  =  z]  by  ind.  hyp 

~Rm+l(*,/)  =  /  by  defn  (2-11) 

If  ind(y)    =  z  €   5m,  then  ind(y)   <  m.     So  ind(y)'  is  defined  by  stage  Bm+2- 
The  power  sets  are  simple. 


(2-17)      B^n+2(x,V(u))  =  V(u)^x<u;  by  defn  (2-11) 

♦*  Rm+l(*,  ?(«))  =  V(u)    by  defn  (2-11) 
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And  in  precisely  the  same  way,  we  have 

(2-18)       RS,+2(*,P(e))  =  V(e)  <-►  x  <  e  by  defn  (2-11) 

~RSm+l(x,V(e))  =  V(e)     by  defn  (2-11) 

Now  we  have  verified  that  A{Rm+2(x>T)}reT  an^  A{^m+l(x'T)}rGT  are  tne 
same.  So  Sm+2  extends  Sm_|_i,  and  S  =  (J{Sm}m  is  well-defined. 

The  singleton  function  S  is  one-to-one,  because  ind  is  one-to-one,  so  each  Sm  is 
one-to-one.  Its  values  are  atoms  in  N2,  hence  also  atoms  in  B  <  N2.  Thus  B  is  an 
S- algebra.  | 

PROPN  2.15.  In  the  structure  B  of  definitions  (2.12,13),  if  NB  =  {x|S(x)  <  u), 
then  (N  ,  E)  =  (u>,  €  ).  Moreover,  the  element  f  codes  a  one-to-one  embedding  of  u 
into  u.  Formally,  the  relation  {(y,z)\(y,z)Ef)  is  a  well-defined  one-to-one  function 
such  that  (y,z)Ef  — *  zEuj. 

PROOF:  The  only  elements  of  NB  are  0'  =  0  and  (n  +  1)'  =  n'  V  S(n'),  for  n  €  N. 
Moreover,  we  have  j' En'  iff  ;  <  n,  i.e.  j'  <  n' .  So  (NB,  E)  =  (N,  €  ). 

For  /,  we  see  that  if  (y,  z)Ef  then  z  =  in&(y)'Eu.  Since  z  =  ind(j/)',  we  also 
have  that  {(y,z)\(y,z)Ef)  is  well-defined  and  one-to-one,  as  required.  | 

We  have  left  only  to  verify  that  the  other  five  distinguished  features  play  their 
intended  roles.  We  will  introduce  some  notation  for  the  other  clauses  of  (2-2)  which 
we  will  use  in  more  complex  constructions  to  make  the  analysis  of  these  elements 
uniform.  The  current  construction  allows  us  to  limit  the  occurrence  of  function 
symbols  in  the  terms  so  we  only  need  to  interpret  finitely  many  special  terms  e, 
i,  «°,  V(u)  and  V(e),  together  with  one  place  predicates  v  =  p  and  their  Boolean 
combinations  with  the  special  terms.    These  one-place  predicates  are  interpreted 
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automatically  since  we  construct  Boolean  algebras  eventually  closed  under  S.    So 
interpretations  of  formulas  such  as  yEz  Az^O  will  be  produced  via  closure  under 
S.  In  a  more  complex  model  in  Chapter  4,  these  closures  with  others  will  guarantee 
satisfaction  of  a  comprehension  scheme  for  C(E,  =). 

DEFN  2.16.  Let  C  be  any  set.  Let  {cx\  x  G  C}  be  a  set  of  distinct  special  constant 
symbols  for  every  x  €  C.  Let  C  be  the  language  of  e,  i,  u  ,  w,  /  (as  a  constant 
symbol,  not  a  function  symbol),  V,  S,  A,  V,  ~  and  {cx\x  €  C}.  An  C-term  with 
special  constants  for  C  is  any  closed  term  r  in  C.  A  standard  C-term  is  any  Boolean 
combination  (by  A,  V  and  ~)  of  e,  t,  u°,  V(u),  V(e)  and  S(cx),  for  any  x  €  C.  The 
special  £-terms  are  e,  i,  u  ,  V(u)  and  V(e).  Define  T(C)  to  be  the  set  of  standard 
£-terms  with  special  constants  for  C.  Now  we  recursively  define  an  operator  Def 
which  applies  to  formal  terms  r  6  T(C)  for  a  membership  structure  (C,E,<  ).  It 
yields  a  definition  for  the  term  via  an  open  formula  of  C(E,  <,  cx,  =)X£C- 


(2-19) 


Def[e](u) 

Def[i](u) 

Def[u°](u) 

Dei[P(u)](v) 

Def[P(e)](t;) 

Def[S(Cl)](t;) 

Def  [<ti  A  ?2](v)     is 

Def[<ri  V  0$ (v)     is 

Def[~  a](v) 


is  3ui,U2 
is  3ui,i>2 
is     flv\,V2 


is 


IS 


IS 


IS 


v  =  {v\,V2)  A  v\Ev2] 
v  =  («i,U2)  A  ui  =  V2J 
v  =  (vi,V2)] 
V  <u>] 
v  <  e] 
v  =  cx] 

Def[ai](t;)  A  Def[<72](t;)] 
Def[(Ti](u)  V  Def [<r2](t;)] 
Def[<r](t;)] 
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Note  that  the  singleton  and  power  set  functions  must  be  treated  differently  from 
the  others.  In  a  non-extensional  structure,  a  formula  will  define  more  than  one  object. 
Those  objects  will  have  distinct  singletons  and  dominate  different  elements.  Thus 
to  produce  a  formula  for  the  singletons  and  power  sets,  we  need  to  introduce  special 
constants  for  C  which  refer  to  specific  elements  of  C.  We  will  sometimes  use  objects 
as  parameters  in  formulas,  e.g.  v  =  p  instead  of  v  =  cp.  Also  we  use  e,  i,  u  ,  u>,  V(u>) 
and  V(e)  as  terms  (constant  symbols)  as  well  as  elements  of  C. 

DEFN  2.17.  We  say  an  S-algebra  has  an  interpretation  of  &  standard  £-term  t  iff 
there  is  some  y  6  C  such  that  C  N  Vx  [xEy  «-+  Def[r](x)]. 

Now  our  claim  for  the  structure  is  as  follows. 

Propn.  2.18.  The  S-algebra  B  of  definitions  (2.12,13)  has  an  interpretation  for 
each  special  basic  term  r  €    T. 

Proof:  We  have  S(x)  <  e  iff  Sm(x)  <  e  for  any  and  all  Bm  which  contain  x.  But 
Sm(i)  <  e  iff  3y,z[x  =  (y,z)m-2  A  Sm_2(y)  <  z].  That  condition  is  equivalent  to 
Def  [e](x).  So  e  is  an  interpretation  for  the  membership  relation  as  desired. 

Similarly,  we  have  S(x)  <  i  iff  Sm(x)  <  i  for  all  Bm  which  contain  x.  And 
Sm(z)  <  i  iff  3y, z[x  =  (y, .z)m-2  A |f  =  z].  That  condition  is  equivalent  to  Def [i](x). 
So  i  is  an  interpretation  for  the  identity  relation  as  claimed. 

We  have  S(x)  <  u°  iff  Sm(x)  <  u°  for  all  Bm  which  contain  x.  And  Sm(x)  <  u° 
iff  3y,z[x  =  (y, ^)m_2]-  That  condition  is  equivalent  to  Def[u°](x).  So  tr  contains 
exactly  those  objects  which  are  not  ordered  pairs. 

The  power  set  cases  are  trivial.  The  construction  definitions  (2.12,13)  and  the 
formula  Def[P(x)](u)  both  refer  directly  to  the  order  relation  of  N2  for  x  =  e  or  for 
x  =  u>.  I 
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We  have  distinguished  the  membership  structure  (C,  E)  of  an  S-algebra  because 
sometimes,  as  in  the  construction  to  follow,  it  is  useful  to  refer  to  the  associated 
membership  relation  before  we  have  completed  closure  of  a  structure  under  the  op- 
eration S  =  U{Sm}m-  In  that  case,  we  will  have  a  Boolean  subalgebra  Bm  <  N2 
and  the  function  Sm  maps  each  of  its  elements  to  an  atom  of  N2;  but  some  of  those 
atoms  are  outside  of  Bm.  Still  xEmy  *■*  Sm(x)  <  y  defines  a  membership  relation 
between  any  x  €  Bm  and  any  y  €  N2.  Even  though  Bm  is  not  closed  under  Sm, 
the  membership  structure  (Bm,  Em)  does  satisfy  closure  under  Boolean  operations. 
Upon  iteration  to  close  under  singletons,  that  membership  relation  is  the  associated 
membership  relation  for  the  S  so  defined. 

2.3.  General  Results 

We  will  now  present  some  basic  results  about  S-algebras. 

THEOREM  2.19.    The  class  of  S-algebras  is  closed  under  direct  limits. 

PROOF:  Suppose  ^>£  :  Ca  — ►  Cp  are  homomorphisms  for  all  a,/?  G  D,  a  directed 
system.  Let  ip%  =  id  \  Ca  for  notational  convenience.  On  {(a, x)\a  6  D, x  €  Ca}, 
define  the  equivalence  relation  (a,  x)  ~  (/?,  y)  iff  for  some  (7,2),  i>a{x)  ~  z  =  V'Zlj/)- 
Let  [a, x]  be  the  equivalence  class  of  (a, at),  and  let  C  =  {[a, x]\x  €  Ca}-  Now 
[a,  x]  V  [/?,  y]  =  [7,^2(2)  V  V'Z(j/)]>  where  a,  /?  <  7  and  ~  [a,  x]  =  [a,  ~  x]  are  well- 
defined.  The  limit  system  is  a  direct  limit  system  of  Boolean  algebras,  so  the  limit 
is  a  Boolean  algebra  with  respect  to  the  operations  V  and  ~  as  defined. 

We  now  show  that  S([a,  1])  =  [a,  Sa(a:)]  is  well-defined  and  one-to-one,  where 
Sa  is  the  singleton  function  in  Ca- 


(2-20)    S([a,«])  =  S([/?,y])  «  Sy(4>l(x))  =  Sy(tf>}(y))        for  some  7  >  a,/? 
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«-»  tl>a(x)  =  i/>l(y)  for  some  7  >  a,  /3 

*■»  [a>*]~[£,2/] 

For  all  /?  >  a,  we  know  ^(S/^x))  is  an  atom  in  Cp.  So  all  [a, Sa(x)]  €  C  are 
atoms  of  C. 

C  is  an  initial  object  in  the  category  of  S-algebras.  Suppose  <ba  :  Ca  — ►  B  for 
all  a  G  D,  and  $a  =  $0°^  for  all  /?  >  a.  Define  *  :  C  — ►  £  by  #([a,  x])  =  $a(a:)- 
This  is  well-defined. 

Thus,  C  =  lim{ Ca}aeD  I 

Next  we  define  various  closure  properties  which  are  preserved  in  the  extensional 
subalgebra  by  virtue  of  the  fact  that  it  is  comprehensive.  We  will  also  prove  that  if  an 
S-algebra  is  closed  under  these  Godel-like  operations  then  it  satisfies  strict  quantifier- 
free  comprehension.  In  Chapter  4  we  will  construct  such  an  algebra.  Our  next  result 
shows  that  that  will  suffice  to  prove  the  consistency  of  our  comprehension  scheme  for 
a  set  theory  with  a  universal  set. 

In  Chapter  4  we  will  construct  a  direct  limit  of  S-algebras  which  are  singleton 
closures  of  finitely  generated  sparse  Boolean  subalgebras,  much  like  the  structure  B 
of  definitions  (2.12,13).  We  will  use  the  additional  generators  to  make  the  direct  limit 
closed  under  the  following  Godel-like  operations. 

DEFN  2.20.  A  structure  (C,  E,  <  )  is  closed  under  Godel-like  operations  if  it  satisfies 
all  of  these  closure  properties. 

(2-21)  conjunction     Va,  b3cVx  [xEc  «-»  xEa  A  xEb] 

union     Va,  63cVx  [xEc  <-►  xEa  V  xEb] 
complement    VaBfeVx  [xEb  <->  x0a] 
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e  codes  E    3eVx  [xEe  *-*  3y,  z[x  =  (y,  z)  A  yEz]] 

i  codes  =  3iVx  [xEi «-»  3y,  z[x  =  (y,  z)  A  y  =  z]] 

cartesian  product  Va,  b3cWx  [xEc  *-*  3y,  z[x  =  (y,  z)  A  y£a  A  z£6]] 

relation  inverse  Va36Vx  [x£6  «-►  3y,  z[x  =  (y,  z)  A  (z,  y)£a]] 

argument  permutation  Va36Vx  [xi£6  «-»  3y,  z,w[x  =  (y,  z,  w)  A  (y,  iw,  z)£a]] 

argument  permutation  Va36Vx  [xi?&  <-►  3y,  z,  iu  [x  =  (y,  z,  tw)  A  (z,  iu,  y)£a]] 

principal  ultra-filters  Va36Vx  [xEb  *-*  aEx] 

power  set  Va36Vx  [xEb  *-*  x  <  a] 

The  special  Godel-like  operations  are  those  other  than  the  Boolean  operations  and 
the  singleton  function. 

We  omit  closure  under  the  range  operation  because  Russell's  paradox  proves 
that  an  S-algebra  with  a  code  for  E  cannot  be  closed  under  ranges. 

PROPN  2.21.  If  C  is  an  S-algebra  with  a  code  e  for  E,  then  C  is  not  closed  under 
formation  of  the  range  of  a  relation,  i.e.  C  cannot  satisfy  Va3b[zEb  *-*  3y[(y,z)£a]]. 

PROOF:  If  we  let  rng(a)  denote  the  range  of  a  relation  a,  then  C  would  satisfy  the 
formula  Vz[z£rng(a)  «-►  3y[(y,z)f?a]].  In  particular,  if  we  let  r  =  rng(~  e  A  i),  then 

(2-23)  rEr  «-►  3y[(y,  r)E(~  e  A  i)] 

«-►  3y[y$r  hy  =  r] 
«-»  r$r 

This  is  the  usual  contradiction.  | 

The  next  theorem  relates  closure  under  the  Godel-like  operations  to  compre- 
hension axioms.  It  is  analogous  to  the  Normal  Form  Theorem  [l]  which  states  that 
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closure  under  Godel  operations  implies  that  a  transitive  structure  satisfies  compre- 
hension for  axioms  with  bounded  quantification.  Our  theorem  is  essentially  simpler 
since  we  do  not  consider  quantification.  We  only  need  to  point  out  that  consideration 
of  puf,  the  one  extra  Godel-like  operation  we  use,  is  a  simple  matter.  Of  course,  in 
our  construction,  the  elements  of  C  are  not  genuine  sets,  but  we  will  still  refer  to 
them  as  "interpretation/extension  of  F  in  the  structure  C"  and  we  use  the  notation 
F^  for  {x|  F(x)}c,  an  element  of  C.  (We  will  later  define  extnc(a;)  to  be  the  set  of 
objects  in  C  which  are  C-elements  of  x,  i.e.  extnc(x)  is  the  set  {y\  F(y)},  an  element 
of  V.)  Consistent  with  [l],  we  take  n-tuples  to  be  ordered  pairs  grouped  to  the  left, 
i.e.  (*!,...,  xn+l)  =  ((*1,  •  •  • , xn),  xn+\). 

Since  most  of  our  structures  will  be  non-extensional,  certain  convenient  expres- 
sions will  require  some  abuse  of  notation.  In  the  intermediate  structures,  our  concern 
for  the  most  part  is  existence  of  such  objects  as  "the  Cartesian  product  of  sets  a  and 
6",  and  we  will  use  notations  such  as  ax 6,  but  these  objects  will  not  be  unique  as  the 
terminology  and  notations  imply.  To  be  fully  correct,  we  could  choose  elements  from 
extensional  equivalence  classes  as  values  of  a  single- valued  Skolem  function  ax b.  The 
"Skolem  functions"  would  only  be  partial  functions  until  closure  under  the  operations 
is  achieved  in  the  limit.  Rather  than  use  terms  which  have  no  interpretation,  we  will 
use  terms  with  non-unique  interpretions.  In  the  end,  we  arrange  uniqueness  when  we 
pass  to  an  extensional  substructure  which  preserves  the  desired  closure  properties. 
In  that  extensional  substructure  of  the  limit,  our  terminology  is  fully  correct.  In  all 
structures,  A,  V,  ~  and  S  are  genuine  single-valued  functions. 

To  allow  parameters  in  the  comprehension  axioms,  we  need  to  consider  one 
place  atomic  formulas  F(v)  which  are  p  =  v,  v  =  p,  vEp  or  pEv.  We  use  a  simple 
Boolean  algebra  which  contains  some  "free  generators"  as  in  previous  constructions. 
For  atomic  formulas  p  =  v  or  v  =  p,  there  is  no  problem  since  the  extension  of  either 
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formula  is  just  the  singleton  of  p,  and  we  will  have  closure  under  singletons  as  always. 
For  formulas  vEp,  where  p  is  a  parameter  we  have  already  constructed,  p  itself  serves 
as  the  extension  of  the  formula.  The  only  non-trivial  case  of  atomic  formulas  with 
parameter  p  is  pEv,  where  p  is  a  parameter.  This  will  require  closure  under  an 
operation  not  analogous  to  those  used  in  construction  of  L.  For  any  given  element 
p,  the  limit  structure  will  contain  the  principal  ultrafilter  generated  by  the  singleton 
of  p,  which  we  will  denote  by  puf(cp)  or  simply  puf(p).  That  element  will  serve  as 
the  extension  of  the  formula  pEv.  Recall  that  closure  of  L  under  Godel  operations 
implies  that  L  satisfies  comprehension  for  formulas  with  bounded  quantification.  By 
a  simple  variation  of  that  proof,  once  we  establish  that  the  limit  of  the  system  we 
construct  is  closed  under  our  Godel-like  operations  we  will  be  able  to  prove  that  the 
limit  satisfies  a  comprehension  scheme  which  we  now  define. 

In  Jech's  proof  of  the  analogous  theorem,  which  is  concerned  with  constructibil- 
ity  in  ZF,  the  normal  form  of  formulas  he  defined  for  that  proof  requires  that  no 
variable  be  repeated  in  an  atomic  subformula.  In  other  words,  it  is  exactly  the 
notion  of  a  strictly  quantifier-free  formula. 

THEOREM  2.22.  If  an  S-algebra  C  is  closed  under  the  operations  x,  inv,  7^3,  X123 
and  puf(cp),  with  e  and  i  which  code  E  and  =,  respectively,  then  the  associated 
membership  structure  (C,  E)  satisfies  strictly  quantifier-free  comprehension  with  pa- 
rameters for  C(E,  =). 

PROOF:  Let  C  be  any  S-algebra  closed  under  these  operations.  For  any  strictly 
quantifier-free  formula  F(p,  v),  we  must  show  that  there  is  an  element  y  of  C  such 
that  we  have  (C,E)  1=  VpVx[xEy  «-»  F(x,p)]  We  use  induction  on  subformulas  of 
F.   The  complex  case  is  the  case  of  the  atomic  formulas  since  we  allow  "dummy" 
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variables,  i.e.  the  formulas  F(v\, . . . ,  U5)  and  F(v\, . . . ,  vq)  are  considered  separately 
even  if  both  are  v$Ev\. 

We  will  use  induction  on  the  number  of  variables  in  atomic  formulas  and  on  the 
complexity  of  non-atomic  formulas.  We  will  show  that  the  extension  of  an  atomic  for- 
mula without  dummy  variables  or  parameters  is  constructible  with  operations  directly 
associated  with  membership  and  identity  predicates,  together  with  simple  applica- 
tions of  the  inverse  operator.  If  F  is  an  atomic  formula  with  dummy  variables,  e.g.  if 
F(v\, . . . ,  U5)  is  v$Evi  we  take  care  of  it  by  those  same  relations  with  applications  of 
Cartesian  product  with  u  (the  unit  of  the  Boolean  algebra),  and  relation  inverse  and 
argument  permutation  operations.  Finally,  the  extension  of  a  non-atomic  quantifier- 
free  strictly  quantifier-free  formula  is  constructed  from  the  above  relations  via  the 
Boolean  operations. 

The  fact  that  we  allow  a  parameter  p  in  comprehension  axioms  requires  some 
additional  considerations.  If  the  parameter  does  not  occur  in  the  formula,  e.g. 
F(vi,...,v$)  is  V2Ev\  and  G(v\,. . .  ,^4)  is  F(vi, . . .  ,v^,p),  then  the  required  ele- 
ment is  constructed  when  we  take  x^Evi  as  H(v\, . . . ,  V4).  If  a  parameter  p  actually 
does  occur  in  an  atomic  formula,  in  the  cases  v  =  p  and  p  =  v,  the  extension  of 
a  variation  with  dummy  variables  is  constructible  from  S(p)  by  Cartesian  product 
with  «,  relation  inverse  and  argument  permutations.  Aside  from  those  simple  cases, 
we  have  four  additional  cases  of  atomic  formulas.  They  are  pEv  or  vEp  as  F(v) 
and  pEv  or  vEp  as  F(v\, ...  ,uj.)  for  k  >  1.  The  extension  of  pEv  is  exactly  what 
puf (cp)  gives  us.  And  the  extension  of  vEp  is  simply  p  itself.  Again,  in  the  case 
of  variants  of  each  formula  with  dummy  variables,  the  extension  is  constructible  by 
Cartesian  product  with  u,  relation  inverse  and  argument  permutations.  Of  course, 
comprehension  axioms  require  that  we  have  an  open  formula,  so  we  will  have  at  least 
one  variable. 
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Case  la:  Suppose  F(v\, . . . ,  vn)  is  vj  =  p,  p  =  Vj,  pEvj  or  VjEp. 
If  n  =  1  then  F  must  be  one  of  vj  =  p,  p  =  Uj,  p£vj  or  VjEp.  In  these  cases,  for 
F^  we  choose  S(p),  puf(p)  or  p  itself,  as  discussed  in  the  first  pages  of  this  chapter. 
If  n  >  1  then  one  of  the  those  elements,  S(p),  puf(p)  or  p,  generates  Fc  when  we 
take  its  Cartesian  product  with  n  —  1  factors  u;  specifically  (((uJ-1xx)xu)  •  •  •  xu), 
where  x  is  one  of  S(p),  puf(p)  or  p. 

Case  lb:  Suppose  F(v\, . . . ,  vn)  is  VjEv^  or  Vj  =  v%. 
This  is  the  technically  complicated  case.  We  argue  by  induction  on  the  number  n  of 
variables.  Cases  where  a  parameter  p  occurs  in  the  atomic  formula  were  separated 
in  case  la.  So  here  we  have  a  parameter-free,  strictly  quantifier-free  atomic  formula. 
We  will  uniformly  use  Vj  and  v^  to  denote  the  two  distinct  variables  that  are  not 
dummy  variables. 

If  n  =  2  we  have  these  three  possibilities.  Either  F  is  v\Ev2  with  F  =  e;  or  F 
is  V2EV1  with  Fc  =  inve;  or  F  is  v\  =  «2  (or  v2  =  vl)  with  Fc  =  i. 

For  induction  on  the  number  of  variables,  assume  that  we  have  the  extension  of 
any  strictly  quantifier-free  formula  with  less  than  n  variables.  To  consider  E  and  = 
simultaneously,  let  R  be  either  E  or  =. 

If  n  >  2,  and  j,  k  ^  n,  we  have  x  =  {{v\, . . . ,  un-l)l  vjRvk)  by  the  induction 
hypothesis,  since  the  formula  VjRv/g  as  G(t>i,. . . ,  vn_i)  has  less  than  n  variables. 
Then  ixu  is  the  extension  in  C  of  F,  since  the  last  variable  is  not  restricted,  i.e. 
{(vi,...,vn)\vjRvk}c. 

If  n  >  2,  j,k  ^  n  —  1,  then  to  arrange  the  previous  situation  we  exchange 
the  last  variable  with  the  unrestricted  dummy  variable  next  to  the  last.  By  the 
induction  hypothesis  in  the  case  immediately  above,  where  n  >  2,  and  j,  k  /  n,  we 
have  x  =  {(ui, . . .  ,u„_2,Un,Un-l)|  uj^uib}  •  Then  when  we  exchange  the  last  two 
variables  we  have  tt23(x)  =  {(»!,-  •  • » "n-2>vn_i,v„)|  Ujift;*}07. 
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In  the  other  cases,  Vj  and  uj.  are  the  last  two  variables  vn_i  and  vn.  There  are 
only  two  possibilities,  since  vj  and  v^  are  not  the  same  variable. 

If  n  >  2,  j  =  n  —  1,  k  =  n  we  have  {(un_i,t>n)|  vn_ii2t>n}  as  x  =  i  if  7?  is  =,and 
x  =  e  if  i?  is  i£,  since  there  are  only  two  variables  and  their  names  do  not  matter. 
Then,  we  can  use  un~  to  allow  for  the  dummy  variables.  An  application  of  xj23 
brings  this  factor  to  the  left,  where  it  must  be  to  form  a  set  of  n-tuples.  Formally, 
we  have  x  such  that  ixu        =  {((vn-livn),(vi,  •  •  •  ,u„_2))|  vn_\Rvn}    ,  and 


(2-24)  7ri23(sxun   2)  =  {(vh...,vn-2,vn-l,vn))\vn-iRvn}C 

If  n  >  2,  j  =  n,  k  =  n  —  1  we  do  a  similar  construction  with  the  inverse  operation. 
So  we  have  x  such  that  ixu"-2  =  {((vn-bun),(vi, . . .  ,wn-2))l  vnRvn-l}    ,  and 


(2-25)  a-123(invxxu"  2)  =  {(wj,. . .  ,u„_2,t;n_1,un))|  vnRvn_i}C 

This  finishes  the  atomic  formulas.  We  proceed  with  the  other  cases,  which  are 
handled  automatically  by  the  Boolean  structure. 

Case  II:  Suppose  F(v\, . . . ,  vn)  is  -<H(vi, . . . ,  vn). 
Some  element  x  is  {(ui, . . .  ,v„)|  H(v\, . . .  ,vn)}C  Then  (tt")C'  A  (~  x)  is 

(2-26)  {(»!,...,  «»)|F(vi,...,t;„)}C 

Case  III:  Suppose  F(vi,...,vn)  is  Hi  (vi,...,vn)  A  #2(^1,. . .  ,v„). 
If  elements  x^  are  {(»j,. . .  ,u„)|  Jfyfa, . . .  ,vn)}C  for  ;    =   1,2  respectively,  then 
xi  A  x2  is  {(vi, . . . ,  vn)\  F(vi, . . . ,  vn)}C. 
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Case  IV:  Suppose  F(v\,. .  .,vn)  =  H\(v\,. .  .,vn)  V  H2(v\,. .  -,vn). 
Similarly,  if  elements  Xj  are 

(2-27)  {(vl,...,vn)\Hj(vh...,vn)}C 

for  j  =  1,2  respectively,  then  x\  V  £2  1S  {(vli  •  •  •  >  vn)\  F(vl,  •  •  •  >  vn)}     I 

Any  structure  closed  under  Godel-like  operations  contains  an  element  e  which 
is  (a  code  for)  its  membership  relation,  because  it  satisfies  comprehension  for  the 
formula  vEw.  We  denote  the  complement  of  the  empty  element  in  such  structures 
by  u.  Then,  since  we  have  closure  under  ordered  pairs,  any  such  structure  contains 
(u,  e),  which  codes  the  structure  itself.  Such  structures  also  contain  puf((u,  e))  which 
is  the  "set"  of  all  properties  of  the  structure,  as  interpreted  in  this  model.  Not  all 
properties  are  necessarily  definable,  but  if  a  satisfaction  relation  is  definable  then 
the  truth  set  of  (u,  e),  in  some  sense,  would  be  computable  relative  to  puf((u,e)). 
Thus  the  operator  puf  has  some  interest  other  than  simply  to  allow  parameters  in 
our  formal  axioms. 


CHAPTER  3 
COMPREHENSIVE  EXTENSIONAL  S-SUBALGEBRAS 

The  main  result  in  this  chapter  is  that  from  any  given  countable  S-algebra  C 
one  can  extract  an  extensional  S-subalgebra  B  such  that  if  a;  is  an  arbitrary  element 
of  the  S-algebra  C,  there  is  an  element  y  in  the  S-subalgebra  B  which  contains 
exactly  the  same  elements  of  the  S-subalgebra  B  that  x  does.  Consequently,  this 
S-subalgebra  preserves  closure  under  Godel-like  operations.  As  we  saw  in  Chapter 
2,  these  closure  properties  imply  that  the  extensional  substructure  satisfies  strictly 
quantifier-free  comprehension. 

The  properties  preserved  in  the  substructure  tend  to  be  those  properties  of 
the  larger  structure  which  relate  to  the  S-algebra  operations  S,  A,  V  and  ~.  In 
particular,  the  substructure  B  preserves  the  role  of  an  element  which  is  (a  code  for) 
the  membership  relation,  the  singleton  function  or  the  complement  function,  if  such 
elements  exist  in  the  larger  structure  C. 

The  extensional  substructure  B  preserves  closure  under  cartesian  products, 
which  our  construction  of  Chapter  4  will  satisfy.  It  does  not  necessarily  preserve 
the  role  of  an  element  which  is  (a  code  for)  the  cartesian  product  function.  Suppose 
there  is  a  single- valued  function  •  x  •  over  C  which  satisfies  the  definition  of  the  carte- 
sian product  function.  Further  suppose  an  element  p  of  C  contains  all  (x,y,xxy) 
for  x  and  y  in  C.  For  any  x  and  y  in  B  there  will  be  some  z  =  xxy  in  C  and  some 
z'  in  B  which  represents  z.  Typically  z'  ^  z.  But  since  z'  ^  z  and  the  element  p 
represents  a  single-valued  function,  then  (x,  y,  z)  is  not  in  B  and  (x,  y,  z')  is  not  an 
E-member  of  p.    Such  relations  will  not  be  obviously  preserved  in  the  extensional 
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substructure  unless  the  representation  p  in  C  contains  all  (x,y,z')  such  that  z'  €  C 
is  extensionally  equivalent  to  z. 

The  problem  with  (a  code  for)  the  cartesian  product  function  as  an  element  is 
not  avoided  if  we  restrict  our  attention  to  more  narrowly  definable  sets.  It  arises 
because  two  cartesian  products  can  differ  by  finite  extension.  The  difference  between 
S(0)xu  and  S(0)x(~  S(0))  is  only  one  element,  (0,0).  This  difficulty  is  perhaps 
surprising,  since  cartesian  product  closure  and  an  element  which  codes  the  cartesian 
product  function  are  both  fairly  easy  features  to  achieve.  But  as  noted  in  the  previous 
paragraph,  the  problem  is  actually  with  the  single-valued  nature  of  the  cartesian 
product  relation.  This  adds  some  support  to  the  notion  that  single-valued  relations 
such  as  ZF  uses  in  its  replacement  axiom,  really  are  not  generally  more  constructible 
than  arbitrary  relations.  Limitation  of  complexity  is  the  relevant  issue,  not  limitation 
of  size. 

We  can  construct  an  extensional  membership  structure  as  a  quotient  of  an  S- 
algebra.  One  can  simply  define  an  equivalence  relation  by  extensional  equivalence, 
construct  the  quotient,  and  iterate  transfinitely.  If  we  start  with  a  countable  alge- 
bra, then  the  transfinite  iteration  stabilizes  before  Ni  iterations.  That  method  has 
been  previously  investigated  in  [14],  in  which  a  general  preservation  theorem  for  the 
quotient  is  proven.  In  [14],  Hinnion  carries  out  the  construction  of  an  extensional 
quotient  for  a  structure  with  an  arbitrary  binary  relation  £ona  structure  of  arbi- 
trary cardinality.  He  cannot  construct  a  retraction  of  the  quotient  to  a  subalgebra, 
since  that  is  not  possible  in  such  generality. 

To  follow  such  a  construction  to  a  more  useful  result,  we  need  to  have  some 
assumptions  that  make  E  more  distinctly  like  a  set  membership  relation.  We  will  not 
use  this  method.  One  of  the  elements  we  will  want  in  our  structures  is  the  cartesian 
product  ur  =  uxu.  A  projected  image  of  u2  does  not  preserve  the  character  of  u2.  If 
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the  original  structure  contains  empty  objects  and  is  closed  under  ordered  pairs,  then 
pairs  of  those  empty  objects  are  elements  of  u  .  With  Weiner-Kuratowski  codes  for 
ordered  pairs,  the  quotient  identifies  those  fundamentally  empty  ordered  pairs  with 
the  empty  set,  which  is  not  an  ordered  pair.  Thus,  the  image  of  u2  and  the  image 
of  its  complement  are  not  disjoint.  So  the  preservation  theorem  for  quotients  of  an 
arbitrary  binary  relation  simply  is  not  strong  enough. 

In  addition  to  the  Boolean  algebra  structure  of  S-algebras,  we  also  use  the 
very  distinctive  feature  of  Boolean  algebras  that  every  countable  Boolean  algebra  is 
projective  [15].  It  follows  by  the  countable  axiom  of  choice  that  every  quotient  of  a 
countable  Boolean  algebra  has  a  retraction.  We  will  detail  the  construction  of  such  a 
retraction  because  given  an  S-algebra  C  and  its  Boolean  reduct,  we  will  want  to  have 
a  generator  tree  for  the  retraction  Q  of  various  quotients  of  the  Boolean  reduct.  We 
will  use  such  a  tree  to  thin  out  the  S-algebra  in  a  transfinite  iteration.  The  result  will 
be  an  extensional  S-subalgebra  rich  enough  to  have  a  useful  representative  of  each 
element  of  the  original  algebra. 

We  will  construct  countable  Boolean  subalgebras  of  a  complete  atomic  Boolean 
algebra  with  countably  many  atoms.  Since  every  S-algebra  is  atomic  and  has  infinitely 
many  atoms,  the  Boolean  completion  of  any  countable  S-algebra  is  isomorphic  to  N2. 
So  without  loss  of  generality  we  will  take  the  complete  Boolean  algebra  to  be  N2. 
Again,  the  notion  of  atom  is  relative  to  the  Boolean  subalgebra.  To  avoid  confusion 
we  will  only  rarely  and  very  explicitly  use  the  term  "atom"  to  refer  to  anything  other 
than  atoms  X{j\  of  N2. 

Now  we  define  some  notation  related  to  the  way  we  construct  a  finite  sparse 
Boolean  subalgebra  of  N2. 

DEFN  3.1.  If  Q  is  a  Boolean  algebra,  then  G  C  Q  generates  Q  by  sups  if  we  have 
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Q  =  {0}  U  {g\  V  •  •  •  V gn\gj  €  G}.  A  generator  tree  G  for  Q  is  any  binary  tree  with 
root  1  which  generates  Q  by  sups  and  whose  initial  segments  are  finite.  For  any 
generating  subtree  H  of  G,  and  for  any  g  ^  1  in  G,  let  /i#(</)  De  *ne  ^eas*'  ^  m  <& 
strictly  greater  than  g.  Since  we  define  any  generating  tree  H  to  have  root  1,  the 
value  of  lijj(g)  is  defined  for  all  generating  subtrees  H  and  for  all  ^r  ^  1.  Note  that 
fiG(9)  1S  t-ne  pwnt  of  9  in  G.  We  will  call  /i(?(<7)\<7  *ne  sibling  of  5  in  G. 

We  now  introduce  a  property  of  S-subalgebras  which  is  sufficient  to  preserve  the 
features  of  interest  in  this  work. 

DEFN  3.2.  Suppose  C  is  an  S-algebra  and  B  <  C  is  an  S-subalgebra.  For  every  x  in 
the  larger  algebra  G,  define  the  B-extension  of  x  to  be  extng(x)  =  {y  €  B\  S(y)  <  x}. 
B  is  a  comprehensive  S-subalgebra  ofC  iff  for  every  x  €  C  there  is  some  x'  (E  B  which 
contains  the  same  elements  of  B  as  x  does,  i.e.  such  that  extnfl(x')  =  extn#(x). 
Suppose  C  <  N2  is  countable  and  is  enumerated  as  {ij}jgo;  without  repetitions. 
Again,  we  will  use  an  index  function  ind  :  C  — ►  u)  defined  by  ind(ij)  =  j. 

LEMMA  3.3.  Suppose  C  is  a  countable  Boolean  subalgebra  ofN2  and  I  C  C  is  an 
ideal.  Then  there  is  a  retraction  r  which  maps  C/I  onto  a  subalgebra  Q  <  C  which 
has  a  generator  tree  G  C  C .  If  I  contains  all  the  elements  of  C  which  have  finite 
support,  then  any  retraction  of  C/I  is  sparse. 

Proof:  Enumerate  C  =  {xj\  j  €  u;}  with  no  repetitions.  Let  Go  =  {1}.  We  will 
successively  consider  the  elements  xn  to  construct  the  tree  Gn+\  which  will  end- 
extend  Gn  with  the  additional  leaves  necessary  to  regenerate  xn  by  finitary  Boolean 
operations  and  elements  of  /.  To  accomplish  this,  we  will  add  the  parts  of  xn  which 
g  separates  from  xn,  i.e.  g  A  xn  and  g\xn,  so  long  as  both  parts  are  outside  of  /.  So 

(3-1)         G„+i  =  Gn\J{g  t\xn,g\xn\g  is  a  leaf  of  G„;  both  g  A  xn,g\xn  £  1} 
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Observe  that  Gn+\  is  a  finite  tree  and  an  end-extension  of  Gn.    Its  incomparable 
elements  are  disjoint,  and  each  element  g  j£  1  differs  from  its  parent  by  more  than 
an  element  of  /,  i.e.  fic(9)\9  &  ?•  Then  G  =  IJi^nln  1S  a  binary  tree  with  root  1 
and  with  finite  initial  segments. 

Let  Q  =  {0}  U  {g\  V  •  •  •  V  gn\ gj  €  G}.  Trivially,  Q  is  closed  under  unions. 

\/  9j  ]  A  (  V 9k  J  =  V  i9j^9k)  =  \/{mM9j,9k}\9j,9k  are  comparable} 


which  is  in  Q.  So  Q  is  closed  under  intersections. 

Q  is  closed  under  complements.  Since  ~  I  Vtfj  J  =  A  (~  9j)i  consider  some  gj 
in  some  Gn- 


(3-3)  ~  gj  =  \J{g  €  Gn\g,9j  incomparable} 

which  is  in  Q.  So  Q  is  the  Boolean  algebra  generated  by  G. 

If  [x]  denotes  the  equivalence  class  of  x  in  C/I,  define  r :  C/I  — ■♦  Q  by 

(3-4)  r[x„]  =  \J{g  €  Gn+i  |  g  is  a  leaf  and  g  A  xn  £  1} 

First  notice  r[xn]  =  xn,  since 

(3-5)  xn  =  \J{g  A  x„|  g  is  a  leaf  of  G„+1}  =  (r[xn]\y)  V  z,  where 


(3-6)  V  =  \/{9\xn\g  is  a  leaf  of  Gn,  and  g\xn  €  /},  and 
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(3-7)  z  =  \J{g  A  xn\  g  is  a  leaf  of  Gn  and  g  A  xn  €  /} 

If  r[x]  =  r[y]  then  r[x]  =  r[y].  Each  of  r[x]  and  r[y]  is  a  sup  of  selected  disjoint 
leaves  from  Gn+i,  where  n  is  the  larger  of  the  indices  ind(x)  and  ind(y).  If  r[x]  /  r[y], 
then  we  have  some  leaf  g  in  Gn+i  with  g  <  r[x],  say,  and  g  A  r[y]  =  0.  Since  g  £  I, 
it  follows  that  r[i]  ^  r[y]. 

The  map  r  is  a  homomorphism  because 

(3-8)         [x]  V  [j/]  =  [z]  — »  r[x]  V  r[y]  =  r[z]         since  r[tw]  =  w 

—*  r[x]  V  r[y]  =  r[z]         since,  if  v  =  w,  then  u  =  w 

Similarly,  we  have  [~  x]  —  [y]  — ►  r[~  a:]  =  r[y]  — ►  r[~  x]  =  r[y]. 
The  map  r  is  well-defined  since 

(3-9)  x  =  0  ->  r[x]  =  \/  0  -►  r[x]  =  0  =  r[0] 

Since  incomparable  elements  of  (7  are  disjoint,  we  know  r[g]  =  g  for  all  g  €  G. 
Then  r[x]  =  x  for  all  x  €  Q,  and  r  maps  onto  Q. 

To  show  r  is  one-to-one,  suppose  that  x  ^  0.  Then  for  every  n  G  u,  we  have 
\/{g  €  Gn\  g  is  a  leaf}  =  1.  If  x  =  x„,  then  x  A  1  =  y{g  A  x|  g  is  a  leaf  of  Gn+\}. 
Some  </  A  x  is  not  in  J,  since  x  is  not  in  /.  So  r[x]  ^  0  and  r  is  one-to-one. 

Finally,  suppose  that  /  contains  all  the  elements  of  C  which  have  finite  support; 
then  any  retraction  r  of  C/I  must  be  sparse.  Suppose  r[x]  ^  0.  Then  x  ^  0.  Hence 
r[x]  =  x  ^  0.  It  follows  that  r[x]  has  infinite  support.  | 

We  will  use  a  variation  of  the  conjunctive  normal  form  theorem. 
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DEFN  3.4.  Suppose  C  is  a  Boolean  algebra  with  an  ideal  /  and  a  retraction  Q  of 
C/I.  For  any  x  in  Q,  a  Q-normal  form  for  x  is  (q\y)  V  z  where  q  €  Q  and  y,z  €  I 
with  t/  <  9  and  2  A  9  =  0.  If  C  is  an  S-algebra  with  singleton  function  S,  the  S- closure 
of  any  Boolean  subalgebra  Q  of  C,  denoted  clg(Q),  is  the  smallest  S-subalgebra  of  C 
which  contains  Q  and  is  closed  under  singletons. 

For  example,  {0,1}  is  a  sparse  subalgebra  of  C,  and  its  closure  under  any 
singleton  function  S  is  the  minimum  S-algebra  M.  A  more  significant  example  is  the 
S-closure  of  a  retraction  Q  of  the  quotient  of  a  countable  C  <  N2,  where  the  ideal 
of  the  quotient  is  the  set  of  finitely  supported  elements  in  C.  In  this  case  the  parts 
y  and  z  in  the  Q-normal  form  for  an  element  x  will  be  finitely  supported.  Then  for 
many  purposes,  they  can  be  replaced  by  finitely  many  singletons.  The  infinite  part 
q  is  in  the  retraction.  Thus  we  can  represent  the  extension  of  x  by  an  element  of  the 
subalgebra  B  =  clg(Q). 

PROPN  (<2-NORMAL  FORMS)  3.5.  Suppose  C  <  N2  is  a  countable  Boolean  subalge- 
bra, and  I  C  C  is  an  ideal.  Let  Q  denote  a  retraction  of  C/I.  Then  for  any  x  in  C 
there  are  unique  q  £  Q  and y,z  £  I  such  that  x  =  (q\y)Vz,  with  y  <  q  andzNq  =  0. 

PROOF:  Let  r  :  C/I  — ►  Q  be  a  retracting  map.  For  q  —  r[x],  let  y  =  q\x  and 
z  =  x\q.  Then  y,z  e  I,  since  r[x]  =  x  for  any  retraction  r  of  C\I.  Clearly,  we  have 

*  =  (q\y)  v  z. 

We  show  the  uniqueness  of  q,  y  and  z.  Suppose  (q'\y')  V  z'  =  x  with  q',  y'  and 
z'  as  required  for  a  normal  form.  Then  q'  =  q.  Otherwise,  say  q\q'  £  I.  By  routine 
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Boolean  algebra  we  have 

(3-10)  [(q\y)  V  *]\[(«V)  V  A  =  [(q\y)  V  *]A  ~  [(q'\y')  V  z'} 

>  (?\y)A  ~  (q'\y')A  ~  z' 

>  (qA  ~  y)A  ~  </A  ~  z' 
=  (q\q')\(y  V  J) 

This  would  not  be  an  element  of  /,  since  (q\q')  A  (y  V  z')  G  /  and  we  have  that 
(l\q')  =  [(flWAfa  V  z')\  V  [(9\?')  A  (y  V  z')\.  Thus  the  two  expressions  for  x  would 
have  a  non-zero  difference,  a  contradiction. 

Suppose  y\y'  ^  0.  Then,  since  z'  is  disjoint  from  q,  we  know  x  =  (q\y)  V  z  fails 
to  dominate  some  atom  which  is  dominated  by  x  =  {q\y')  V  z',  a  contradiction.  So 
we  have  y'  =  y. 

Similarly,  we  have  z  =  z'.  Suppose  z'\z  ^  0.  Then  (q\y)  V:'  =  i  dominates 
some  atom  not  dominated  by  (q\y)  V:,a  contradiction.  I 

If  we  have  an  S-algebra,  and  /  is  the  ideal  of  elements  of  finite  extension,  then 
we  can  recapture  the  extension  of  x  if  we  replace  y  and  z  in  the  normal  forms  with 
finitely  many  singletons,  as  follows. 

DEFN  3.6.  Suppose  C  <  N2  is  an  S-algebra  with  a  countable  Boolean  quotient  whose 
ideal  /  extends  the  ideal  of  elements  of  finite  support.  Let  r  be  a  retraction  of  this 
quotient  onto  Q  <  C,  and  let  B  =  c\s(Q).  If  x  e  C  has  Q-normal  form  (x'\xq)  V  x\, 
let  yj  =  xj  A  V  S[-B].  We  define  the  interpretation  of  x  in  B  to  be  xB  =  (x'\yo)  V  yi- 

We  will  apply  this  notion  where  /  is  simply  the  ideal  of  finitely  supported  ele- 
ments. Notice  that  q  G  B.  Since  the  elements  of  /  have  finite  support,  each  of  i/q  and 
j/1  are  sups  of  finitely  many  singletons  of  B.  Thus,  the  interpretation  of  x  in  B  is  an 
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element  of  B.  Also,  extnfl(£    )  =  extng(x),  so  B  is  a  comprehensive  S-subalgebra 
of  C. 

Next  we  describe  the  succession  step  in  the  transfinite  recursive  construction 
of  an  extensional  comprehensive  S-subalgebra.  We  will  apply  it  to  countable  atomic 
Boolean  algebras.  The  elements  of  such  algebras  have  Q-normal  representations  with 
an  element  q  not  in  7,  where  q  is  generated  by  sups  from  a  tree  G.  That  element  q  is 
modified  by  addition  and  subtraction  of  finitely  many  singletons.  In  the  next  lemma 
we  observe  that  this  comprehensive  subalgebra  is  almost  extensional. 

LEMMA  3.7.  Let  C  =  clg(Q)  be  an  S-algebra  included  in  N2,  where  Q  is  a  sparse 
Boolean  subalgebra  generated  by  sups  from  a  generating  tree  G.  There  is  a  generating 
subtree  G'  <  G  which  generates  Q'  <  Q  by  sups  such  that,  if  C'  =  cls(Q'),  then 

(i)     C'  is  a  comprehensive  S-subalgebra  of  C . 
(ii)     Vi,yGC"[i/j/-+  extnc(x)  /  extnc(y)] 

PROOF:  We  will  prune  from  G  the  nodes  g  which  have  finite  C-extension.  If  we  start 
with  such  a  node  and  trace  upward  to  a  maximal  such  node  m,  the  sibling  s  of  m 
has  infinite  C-extension,  but  it  is  extensionally  representable  via  the  common  parent 
p  of  m  and  s.  We  delete  s  with  m  and  the  descendants  of  m,  but  not  necessarily  the 
descendants  of  s.  If  the  sibling  s  has  two  children  with  infinite  C-extension,  then  we 
keep  them,  and  they  become  the  two  children  of  p  in  our  new  binary  tree.  If  s  had 
only  one  C-infinite  child,  then  we  follow  a  finite  path  of  unique  children  with  infinite 
C-extension.  This  path  ends  in  one  of  two  ways.  If  we  find  a  node  which  has  two 
C-infinite  children,  then  they  are  the  two  children  of  p  in  the  new  tree.  On  the  other 
hand  we  may  find  a  leaf  /  with  infinite  C-extension.  Since  this  path  is  finite  and  each 
node  was  co-finite  in  its  parent,  with  respect  to  C,  we  know  that  /  is  co-finite  in  p. 
Then  we  can  also  delete  /  and  represent  it  extensionally  via  p.  So  after  thinning  C, 
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the  node  p  either  has  become  a  leaf  or  has  acquired  exactly  two  new  children.  Thus 
our  new  tree  is  still  a  binary  generator  tree  with  root  1.  This  procedure  will  never 
delete  the  root,  which  has  infinite  extension  in  any  S-subalgebra,  since  S  is  one-to- 
one.  The  result  of  this  thinning  is  that  we  delete  any  node  with  finite  C-extension 
and  we  delete  the  sibling  of  each  such  node.  Formally,  let 

(3-11)         G'  =  {1}  U  {g  €  G\{1}\  extnc(g)  and  extnc(fiG(9)\9)  are  infinite} 

A  sparse  Boolean  subalgebra  Q'  <  Q  is  generated  by  sups  from  G' . 

To  prove  (i),  let  x  €  C.  We  have  the  Q-normal  representation  x  =  (q\y)  V  z, 
and  q  =  g\  V  •  •  •  V  gn  for  some  g\ , . . . ,  gn  €  G.  We  will  discard  any  gj  with  finite 
C-extension,  which  is  then  not  in  G' .  We  want  to  replace  any  other  gj  not  in  G' 
by  9j  =  tiG'{9j)-  Over  C,  the  old  generator  gj  is  co-finite  in  g'-.  So  to  reconstruct 
the  extension  of  gj ,  we  only  need  to  subtract  the  finitely  many  singletons  of  spurious 
elements  which  are  introduced  when  we  replace  such  gj  with  their  near  ancestors  g'-. 
So  let 

(3-12)        q'  =  \J{gj\gj  €  G'}  V  \f{fiG'(9j)\9j  i  G1  and  extn^^)  is  infinite} 

Then  q'  G  Q'.  Over  C,  we  know  q'  differs  by  finite  extension  from  q.  Over  C,  it  differs 
only  finitely  from  x  =  (q\y)  V  z.  Both  y'  =  (q'\x)  A  V  S[C]  and  z'  =  (x\q')  A  V  S[C] 
are  sups  of  finitely  many  singletons  in  C'.  So  they  are  in  C'  and  (q'\y')  V  z'  is  in  C'. 
We  have 

(3-13)  extnc((q'\y')  V  z')  =  extnc(x) 

Thus  C1  is  a  comprehensive  subalgebra  of  C. 
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To  prove  (ii),  suppose  Xj  €  C  for  j  =  1,2.  Let 

(3-14)  Xj  =  (qj\yj)  V  zj  for  j  =  1,2 

be  their  ^'-normal  representations  in  C',  where  qj  €  Q' .  Then 

(3-15) 

qi  ^  o2  =>■  extnc(^i)  and  extnc(<j2)  differ  by  infinitely  many  elements 
=^  extnc(xi)  and  extnc(x2)  differ  by  infinitely  many  elements 

Suppose  that  either  q\  =  qi  with  y\  ^  3/2  >  or  91  =  92  with  t/i  =  3/2  and  zi  ^  zj. 
Then  extnc(xi)  ^  extnc(x2)>  since 

(3-16)  3zeC  CC  [S(z)  <  xi  m  S(z)  <  x2] 


Thus,  in  any  case,  then  extnc(xi)  ^  extnc(i2)-  I 

THEOREM  3.8.  Suppose  an  S-algebra  C  <  N2  u  clg(Q)  /or  some  sparse  Q,  where  Q 
is  generated  by  sups  from  a  tree  G.   Then  there  is  an  S-subalgebra  B  of  C  such  that 

(i)     B  is  extensional 
(ii)     B  is  a  comprehensive  subalgebra  of  C . 

PROOF:  Let  Co  =  C  and  define  Ca+i  =  C'a  as  in  Lemma  3.7,  with  G'a  and  Q'a  also 
as  in  Lemma  3.7.  For  a  limit  ordinal  A,  we  define  G\  =  f]{Ga}a<\.  Let  Q\  be 
the  Boolean  algebra  generated  by  sups  from  G\  and  let  C\  =  c\$(Qx).   Since  C  is 
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countable,  there  must  be  some  a  <  Nj  such  that  Ca+\  =  Ca,  and  we  let  B  =  Ca. 
Then  B  is  closed  under  singletons.  Let  x,y  G  Ca+\. 

(3-17) 

xl  ^  x2  ==*  ^1  afld  X2  are  extensionally  different  over  Ca 

=$■  x\  and  X2  axe  extensionally  different  over  Ga+i 


Thus  B  is  extensional. 

Now  for  all  x  G  G  and  0  <  Kj,  there  is  y  e  Cp  such  that  the  G^-extension  of 
y  equals  the  G^-extension  of  x.  Suppose  for  induction  that  this  claim  is  true  for  all 
7  <  /?.  Then  if  /?  =  7  +  1,  the  claim  is  also  true  for  0  by  Lemma  3.7. 

This  same  claim  holds  for  a  limit  ordinal  0.  Suppose  x  has  a  Qo-normal  rep- 
resentation (q\y)  V  z  where  9  =  gi  V  •  •  •  V  gn-  Further  suppose  gj  is  finite  over  Cp, 
or  if,  over  C^,the  generator  gj  is  co-finite  in  its  nearest  ancestor  g'-  in  Gn.  Then  we 
can  reconstruct  the  (^-extension  of  gj  with  g'j  €  Cp  and  finitely  many  singletons. 
So  such  a  gj  is  not  problematic. 

Suppose  gj  and  g'j\gj  are  infinite  over  Cp,  where  g'j  is  the  least  upper  bound  of 
gj  in  Gp.  Then  gj  is  infinite  over  C7  for  all  7  <  0.  The  problem  is  that  the  least 
ancestor  g"  of  gj  in  Gy  may  be  smaller  than  g'j  e  Gp  for  7  <  0.  But  a  finite  path 
in  Go  =  G  connects  gj  to  g'j.  The  nodes  in  this  path  are  all  infinite  over  Cp  and  all 
preceding  Ca.  Since  they  are  deleted  in  thinning  Go,  we  know  each  element  in  the 
path  differs  finitely  from  its  parent  in  Go  over  some  GT  with  7  <  0.  So  each  element 
differs  finitely  from  its  parent  in  Go  over  Cp,  which  is  smaller  than  each  Cy  with 
7  <  0.  Thus  gj  is  co-finite  in  g'j  E  Gp  over  Cp. 
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So  let 

(3-18)    q  =  \/{9j  €  Gp\gj  is  infinite  over  Cp} 

V  \J{g'j  £  Gpldj  £  Gp  and  9j  iS  infinite  over  Gp) 

Then  q'  is  in  Qp.  There  are  only  finitely  many  gj.  Only  the  gj  which  are  finite  over 
Cp  are  simply  deleted.  Those  gj  £  Gp  which  are  infinite  over  Cp  are  retained.  Those 
gj  &  Gp  which  are  infinite  over  Cp  are  replaced  by  g'-  6  Gp,  which  are  only  finitely 
larger  than  gj  over  Cp.  Thus  q'  differs  only  finitely  from  q  and  from  x  over  Cp.  Let 
y'  =  (q'\x)  A  yS[Cp]  and  z'  =  (x\q')  A  yS[Cp\.  Then  y'  and  z'  are  sups  of  finitely 
many  singletons  in  Cp  and  x'  =  (q'\y')  V  z'  has  C^j-extension  equal  to  that  of  x. 

The  tree  Gp  generates  Qp  by  sups  and  has  root  1  with  only  finite  initial  seg- 
ments. So  the  induction  hypothesis  is  preserved  and  the  transfinite  recursion  contin- 
ues for  all  a.  | 

Our  main  result  in  this  chapter  is  that  the  substructure  of  Theorem  3.8  preserves 
closure  under  Godel-like  operations.  We  also  have  interest  in  preservation  of  some 
other  features  as  discussed  in  the  Theorem  3.9. 

THEOREM  3.9.  Suppose  C  is  an  S-algebra  which  is  closed  under  (special)  Godel-like 
operations.  If  B  is  an  extensional  comprehensive  S-subalgebra  ofC,  then  B  is  closed 
under  Godel-like  operations.  If  C  is  closed  under  the  projections  "Xj((x\,X2))  =  Xj, 
then  B  is  also  closed  projections.  IfC  contains  (codes  for)  the  projections  as  elements, 
then  B  contains  (codes  for)  them. 

PROOF:  The  proof  is  quite  straightforward.  Of  course  closure  of  an  S- algebra  under 
the  special  Godel-like  operations  implies  closure  under  all  Godel-like  operations. 

C  contains  e  and  i  which  are  (codes  for)  E  and  =.  It  follows  that  B  contains  e' 
and  i'  which  are  (codes  for)  the  restrictions  of  E  and  =  to  B. 
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To  prove  cartesian  product  closure  for  B,  suppose  a,  6  <E  B.  So  there  is  some 
c  €  C  such  that  for  all  x  €  C,  we  have  xEc  iff  there  are  y,z  €  C  such  that  x  =  (y,  z) 
with  yEa  and  z£7>.  Then  for  some  d  €  5  and  all  x  €  i?,  we  have  x-Ec7  iff  there  are 
y,z  G  B  such  that  a;  =  (y,  2)  with  y£a  and  zEb.  So  c7  is  the  witness  of  cartesian 
product  closure  in  B  for  a,  6  6  B. 

5  is  closed  under  inverses.  For  any  a  €  B  there  is  some  6  G  C  which  contains 
(with  respect  to  E)  exactly  those  elements  which  are  ordered  pairs  (y,z),  in  C,  such 
that  a  contains  (with  respect  to  E)  the  pair  (z,y). 

Closure  under  7^3  and  7ri23  are  similar.  Consider  the  latter.  Let  a  €  B.  Then 
there  is  some  b  £  C  such  that  for  any  x  6  C  we  have  xEb  iff  there  are  y,z,w  6  C 
such  that  x  =  (y,  z,  u;)  and  (z,  iu,  y)£a.  Now  there  is  some  b'  E  B  such  that  for  any 
x  &  B  we  have  x£6  iff  there  are  y,z,w  G  B  such  that  x  =  (y,  z,  u»)  and  (z,  w,  y)Ea. 

Recall  that  we  take  power  set  closure  to  mean  that  for  each  a  €  C  there  is  a 
6  6  C  such  that  C  satisfies  Vz[zEb  «-►  z  <  a].  So  if  a  6  B,  there  isb1  e  B  such  that  for 
all  z  G  B,  we  have  z£6'  «z<o,  i.e.  J5  satisfies  Vz[z£6'  h  z  <  a].  Thus  i?  is  closed 
under  power  set  formation  in  the  sense  we  have  been  using.  Since  B  is  extensional, 
for  a\z  ^  0,  we  have  a\z  non-empty  in  B.  So  an  extensional  S-subalgebra  B  is  closed 
under  power  sets  in  the  stronger  sense  that  Va3fcVz[zi?&+-+  Vx[xEz  — ►  xEb]]. 

Preservation  of  closure  under  the  component  projections  follows  from  the  defi- 
nitions 

(3-19)  *,  ((y,  z))  =  /\  (/\(y,  z))  7r2  ((y,  z))  =  /\  (\/(y,  *)\  /\(y,  z)) 

In  these  definitions  the  unary  union  and  intersection  apply  only  to  finite  sets.  So 
closure  under  the  projections  follows  from  two  facts.  First,  C  is  closed  under  binary 
union  and  intersections.     Second,  when  the  unary  operators  apply  to  singletons, 
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extensionality  implies  that  the  singleton's  element  is  in  the  subalgebra.  So  we  have 
/\  S(y)  =  Y  S(y)  =  y  as  required  for  the  definitions  above. 

Preservation  of  elements  which  are  (codes  for)  the  projections  follows  from  the 
observation  of  the  previous  paragraph.  These  projections  only  contain  ordered  pairs. 
As  we  construct  an  S-subalgebra  from  a  sparse  quotient,  we  easily  recognize  whether 
each  pair  belongs  in  x,-  or  not.  | 


CHAPTER  4 
A  MODEL  OF  STRICTLY  QUANTIFIER-FREE  COMPREHENSION 

4.1.  Preliminary  Discussion 

In  this  chapter  we  use  a  direct  limit  construction  to  give  an  extensional  structure 
C  which  satisfies  closure  under  a  set  of  operations  similar  to  Godel  operations.  This 
closure  will  imply  that  it  is  a  model  of  strictly  quantifier-free  comprehension  with 
arbitrary  parameters  p.  The  structure  will  also  be  closed  under  power  set  formation, 
and  it  will  contain  (a  code  for)  the  standard  natural  numbers  u>  and  a  one-to-one 
embedding  of  u  into  ui.  By  Theorems  3.8  and  3.9,  that  model  has  an  extensional 
substructure  which  is  also  closed  under  the  Godel-like  operations,  and  hence  also 
satisfies  strictly  quantifier-free  comprehension  with  arbitrary  parameters.  The  com- 
prehensive extensional  substructure  will  also  contain  a  code  for  u>  and  a  one-to-one 
embedding  of  the  universe  into  u>.  We  will  construct  each  stage  of  the  limit  system 
inside  a  fixed  countable  subalgebra  A  of  (N2,  V,  A,  ~,  0, 1).  To  define  membership  we 
expand  the  Boolean  structure  to  include  a  singleton  function  S.  The  values  of  S  will 
be  atoms  of  N2,  i.e.  characteristic  functions  Xij]  °f  actual  singletons  in  u. 

As  a  preliminary  step  in  the  construction,  we  will  establish  a  countable  envi- 
ronment to  work  in,  since  there  are  only  countably  many  atoms  available  in  N2  as 
possible  values  for  the  one-to-one  singleton  function.  Choose  a  countably  infinite  set 
G  of  free  generators  g  such  that  any  Boolean  combination  of  g\ , . . . ,  g^  G  G  other  than 
0  or  1  has  support  which  is  infinite  and  co-infinite  in  u>.  The  algebra  generated  by 
these  elements  is  a  sparse  algebra  where  the  Boolean  combinations  of  the  generators 
overlap  arbitrarily,  as  in  a  generic  Venn  diagram,  with  enough  space  in  each  area  for 
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infinitely  many  elements.  Some  spaces  will  turn  out  to  be  extensionally  empty.  This 
is  rectified  when  we  pass  to  an  extensional  substructure.  The  countable  environment 
A  is  the  Boolean  subalgebra  of  N2  generated  by  G  with  the  countably  many  atoms 
of  N2.  Enumerate  A  without  repetition  as  A  =  {aj}j£u>-  To  distribute  singletons  of 
objects  x,  we  will  use  an  index  function  ind  :  A  — ►  u>  defined  by  alQMx)  =  x. 

The  initial  structure  Cq  will  be  an  S-algebra  in  N2  isomorphic  to  the  minimal  S- 
algebra.  In  an  intermediate  structure  Cn+\,  we  need  to  make  sure  to  use  only  finitely 
many  generators  which  correspond  to  terms  which  represent  Godel-like  operations  on 
objects  from  previous  structures.  The  membership  relation  of  the  previous  structures 
will  tell  us  all  we  need  to  know  to  correctly  place  the  singletons  of  objects  in  Cn+\. 
The  infinite  support  of  the  generators  will  allow  us  to  map  any  object  x  at  stage  Cn  to 
<pn(x)  at  the  next  stage  Cn+\.  We  need  to  use  only  finitely  many  of  the  generators 
at  a  time,  since  the  intersection  of  infinitely  many  of  them  might  be  too  small  to 
dominate  infinitely  many  distinct  atoms. 

The  major  technical  difficulty  will  be  to  define  the  connecting  homomorphisms 
and  verify  that  they  preserve  the  singleton  function.  In  Cn+1  we  wiU  accomodate  new 
generators  which  were  ignored  in  the  construction  of  Cn.  Thus,  in  all  probability, 
these  maps  are  not  simply  inclusions.  However,  the  generators  are  "free"  because 
the  elements  of  the  Boolean  algebra  they  generate  are  infinitely  distant  from  each 
other.  Specifically,  at  each  stage  no  Boolean  relation  holds  between  any  generators, 
so  we  are  not  constrained  when  we  map  them  into  the  next  stage.  The  generators 
will  in  fact  remain  fixed  by  the  connecting  homomorphisms  of  the  limit  system.  As 
more  free  generators  are  added,  the  singleton  function  defined  at  that  stage  becomes 
more  constrained.  Within  the  limits  imposed  by  the  old  generators,  the  singleton 
of  an  object  is  redefined  or  adjusted  to  make  the  associated  membership  relation 
correct  with  respect  to  the  intended  role  of  the  new  generators.   This  procedure  of 
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restarting  the  construction  at  each  stage  from  a  sparse  algebra  (one  where  all  elements 
are  infinitely  distant  from  each  other)  is  also  used  to  maintain  closure  under  the 
pairing  function  and  ensure  that  the  ordered  pairs  they  code  are  treated  in  a  manner 
consistent  with  the  treatment  of  the  pairs'  components.  The  connecting  morphisms 
will  be  one-to-one. 

The  general  strategy  is  to  take  a  Boolean  algebra  with  singleton  function  and, 
to  each  structure  Cn+\  in  N2,  add  finitely  many  free  generators  gT  which  correspond 
to  some  Godel-like  terms  t  applied  to  members  of  the  previous  structures.  We  will 
include  single  generators  for  the  distinguished  elements  uj  and  /,  the  embedding  of 
u  into  u>.  The  map  <pn  is  the  identity  on  generators,  and  it  is  one-to-one  on  all 
of  Cn-  We  adjust  the  singleton  function  at  each  stage  Cn  so  that  it  makes  the 
new  generators  gT  act  as  r  interpreted  in  Cn+i,  when  we  eventually  define  that 
structure.  To  accomplish  this  and  maintain  the  roles  of  the  previous  generators, 
we  use  the  fact  that  the  intersection  of  any  Boolean  combination  of  generators  has 
infinite  support.  It  is  important  to  keep  in  mind  that,  as  we  define  each  Cn  (and  y>„), 
we  always  return  to  a  sparse  algebra  Cnfi  and  define  Cn  (and  <pn)  by  induction  on 
m  in  Cn  =  U{Cn,m}m-  Then  we  can  distribute  singletons  of  objects  in  that  space 
in  accordance  with  the  objects'  indices.  This  use  of  the  indices  will  ensure  that  the 
singleton  function  is  one-to-one.  Again,  when  we  have  a  non-extensional  subalgebra 
with  a  singleton  function  and  an  element  of  infinite  support  and  finite  extension,  we 
can  subtract  finitely  many  singletons  from  it  to  produce  an  "atom"  relative  to  the 
subalgebra.  We  will  only  use  atoms  of  N2  as  singletons  and  generally  not  refer  to 
other  objects  as  atoms. 

The  objects  u;  and  /  :  u  — ►  u>  will  be  treated  much  as  in  Chapter  2.  Our  claims 
about  them  are  structural.  Their  trivial  "definitions"  will  be  just  vEc^  and  vEcr. 
These  formulas  carry  no  information  about  these  objects.  We  will  verify  our  claims 
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about  these  objects  by  observation  of  the  construction  itself,  rather  than  any  general 
result.  We  associate  these  objects  with  formulas  since  that  is  the  mechanism  we  will 
use  to  ensure  closure  under  the  Godel-like  operations. 

By  Propn  3.5,  every  x  G  Cn  has  a  unique  normal  representation  as 

(4-1)  *  =  (q\\/Sn[Y})v\JSn[Z) 

where  q  is  a  Boolean  combination  of  generators  gT  from  Cn  and  Y,  Z  C  Cn  are  finite, 
with  V  SnfV']  <  q  and  q  A\/  Sn[Z]  =  0.  This  normal  form  is  a  consequence  of  the  fact 
that  the  Boolean  combinations  of  those  generators  for  Cn  are  infinitely  distant  from 
each  other.  To  prove  y?n  is  one-to-one,  we  will  use  an  induction  on  the  complexity  of 
this  normal  representation  of  elements. 

We  will  sometimes  use  objects  in  formulas.  For  example,  we  satisfy  the  compre- 
hension axiom  for  cpEv,  or  simply  pEv,  with  the  principal  ultrafilter  for  p,  which  we 
denote  puf  (p).  We  will  need  to  denote  every  object  x  in  our  structure  by  a  constant 
cx.  Our  construction  will  contain  objects  e,  t,  u  and  /  as  described  above,  and  we 
will  suppress  the  distinction  between  these  objects  and  the  corresponding  constants. 

Now,  we  begin  rigorous  development  of  the  direct  limit  construction.  For  this 
construction,  more  complex  than  Chapter  2,  we  will  expand  the  notion  of  G-term  r 
with  special  constants  for  a  given  structure,  and  we  expand  the  operator  Def[r]. 

DEFN  4.1.  If  C  is  any  Boolean  algebra,  a  G-term  with  special  constants  for  C  is  any 
closed  term  r  in  the  language  of  e,  i,  u,  /,  S,  A,  V,  ~,  x,  inv,  T23,  n-123,  V,  puf  and 
{cx\  x  £  C},  where  {cx\  x  6  C}  is  a  set  of  special  constant  symbols  for  every  x  6  C.  In 
a  standard  G-term  t,  special  constants  cx  and  function  symbols  S,  puf  and  V  can  only 
occur  in  subterms  S(cx),  puf^)  and  V(cx).  Define  T(C)  to  be  the  set  of  standard 
G-terms  with  special  constants  for  C.   Now  we  recursively  define  an  operator  Def 
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which  applies  to  some  formal  terms  t  6  T(C)  for  a  membership  structure  (C,E). 
It  yields  a  definition  for  the  term  via  an  open  formula  of  C(E,  <,=)  with  special 
constants  for  C. 

(4-2)  Def[e](t;)  is  3v\3v2[v  =  (v\,V2)  Av\Ev2] 

Def[i](u)  is  3ui3u2  [v  =  (^1,^2)  A  «i  =  V2] 

Def[w](v)  is  [v^cy] 

Def  [/](«)  is  [vEcf] 

Def[<ri  A  a2](u)  is  [Def[<7!](i;)  A  Def[<r2](t;)] 

Def[ai  V  (T2](u)  is  [Def[<xi](v)  V  Def[<r2](i>)] 

Def  [~  a](v)  is  [~  Def[a](u)] 

Def[criX(T2](u)  is  3ui3i>2  [v  =  (*>l,  t>2)  A  Def[<Ti](ui)  A  Def[<72](t>2)] 

Def[inv(<r)](t;)  is  3ui3u2  [v  =  (t>i,t>2)  A  Def[<r](v2,  t>i)] 

Def[jT23(cr)](t;)  is  3vi3u23u3  [v  =  (v\,  t>2,  V3)  A  Def  [cr]((vi,  V3,  V2))] 

Def[x123<r)](t;)  is  3vi3v23vs[v  =  (vhV2,vz)  ADe{[<r]((v2,vz,vi))) 

Def[S(cp)](u)  is  [v  =  cp] 

Def[puf(cp)](u)  is  [cpEv] 

Det[V{cp)](v)  is  [v  <  p] 

We  will  be  concerned  with  closing  S-algebras  under  the  special  Godel-like  operations, 
i.e.  those  other  than  Boolean  operations  and  the  singleton  function,  since  we  know 
every  S-algebra  is  closed  under  the  Boolean  and  singleton  operations.  An  S-algebra 
C  is  pointwise  definable  if  for  every  x  in  C  there  is  a  standard  G-term  r  such  that  we 
have  (C,E,<  )  1=  Vv[vEx  <->  Def[r](u)].  (Outside  of  sub-terms  S(cp),  puf(cp)  and 
V(cp),  we  only  allow  the  special  constants  for  e,  i,  u,  and  /  to  occur  in  our  standard 
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G-terms.)  We  will  show  that  an  S-algebra  C  is  closed  under  Godel-like  operations  if  it 
is  pointwise  definable  and  has  an  interpretation  for  each  standard  G-term,  i.e.  for  each 
standard  G-term  r  there  is  some  x  in  C  such  that  (C,  E,  <  )  N  Vu  [vEx  *->  Def  [r](v)]. 

Terms  puf(ci)  must  refer  to  an  object  x  in  a  structure  rather  than  to  a  term 
r,  as  in  puf(r).  In  our  non-extensional  structures,  the  term  r  may  have  multiple 
interpretions  x  and  x'  which  both  contain  the  same  members  but  belong  to  different 
objects.  Then  it  would  not  be  clear  which  objects  should  be  made  elements  of  puf  (r). 
In  fact,  this  point  arises  at  the  end  of  the  proof  of  Lemma  4.3.  Similarly,  we  use 
special  constants  cp  in  Def[S(cp)]  since  a  term  a  which  defines  p  in  a  non-extensional 
structure  will  also  define  other  objects'  extensions,  and  we  want  the  interpretation 
of  S(cp)  to  contain  only  one  element.  Also  we  use  V(cx)  for  a  similar  reason. 

PROPN  4.2.  If  an  S-algebra  C  is  pointwise  definable  and  has  an  interpretation  for 
each  standard  G-term  with  special  constants  for  C ,  then  C  is  closed  under  Godel-like 
operations. 

PROOF:  Since  C  has  interpretations  for  G-terms  e  and  i,  it  does  contain  codes  for  E 
and  the  equality  relation.  The  structure  has  interpretions  for  u>  and  /,  but  these  are 
irrelevant  to  this  result,  and  they  are  unrestricted  in  this  context.  Every  S-algebra 
C  is  closed  under  the  Boolean  operations  and  singletons. 

C  is  closed  under  cartesian  products.  If  a,  b  £  C  then,  by  pointwise  definability, 
there  are  terms  r  and  a  which  define  a  and  b  respectively,  i.e.  Vy[yEc  *-*  Def  [r](y)] 
and  Vz[zEb  *-*  Def[cr](z)].  So  C  has  an  interpretation  c  for  the  standard  G-term 
r  x<x.  For  every  x  €  C  we  know  (C,  E,<)itt  3y,  z[x  =  (y,  z)  A  Def[r](j/)  A  Def[a](z)]]. 
Thus,  the  element  c  is  a  cartesian  product  of  a  and  6. 

C  is  closed  under  inverses.  If  a  €  C  then  some  standard  G-term  r  defines  a, 
i.e.  Vx[xEa  <->  Def[r](a;)].  Then  inv(a)  is  a  standard  G-term,  and  C  has  some  inter- 


74 
pretation  b  for  it.  So  (C,E,  <  )  satisfies  Vx[xEb  *-*  3y,z[x  =  (z,y)  A  Def[r]((y,z))]. 
The  (unrestricted)  special  objects  /,  and  also  u  in  this  context,  may  contain  ordered 
pairs.  Suppose  t  =  inv(cf).  Then  C  has  an  interpretation  a  of  r,  i.e.  (C,E,<,Cf) 
satisfies  Vx[xEa  «-»  3y,z[x  =  (z,y)  A  (y,z)EcA].  Thus  our  trivial  definitions  of  u 
and  /  are  sufficient  to  ensure  closure  under  the  essential  operations.  The  argument 
permutations  are  similar  to  inverses. 

For  any  p  €  C,  the  term  puf(cp)  is  a  standard  G-term  for  C.  So  C  has  an 
interpretation  y  for  it.  Then  (C,  E,  <  )  N  Vz  [zJSy  «-*  p^x].  Thus  C  is  closed  under 
formation  of  principal  ultra-filters  as  well 

For  any  p  €  C,  the  term  V(cp)  is  a  standard  G-term  for  C.  So  C  has  an 
interpretation  y  for  it.  Then  (C,  E,  <  )  N  Vx  [z^y  <-►  p  <  x].  Thus  C  is  closed  under 
power  set  formation. 

So  C  is  closed  under  Godel-like  operations.  | 

We  now  present  a  technical  lemma  which  we  will  use  to  verify  properties  of 
our  direct  limit  system.  This  lemma  again  illustrates  the  significance  of  the  rank 
structure.  It  says  that  so  long  as  we  generate  S-aJgebras  from  a  sparse  Boolean 
subalgebra,  satisfaction  of  Def  [r]  is  preserved  when  we  pass  between  an  S-algebra 
and  its  various  ranks,  and  when  we  pass  between  ranks  of  one  S-algebra  and  another 
generated  by  a  larger  Boolean  subalgebra.  The  reason  is  that  Def[r](x)  typically  just 
says  two  simple  things  about  x.  One  is  that  x  has  an  associated  finite  binary  tree 
structure  as  an  ordered  pair  of  ordered  pairs  of  components  of  lower  rank.  The  other 
part  of  Def  [t]  is  that  a  certain  quantifier-free  formula  holds  among  the  components. 
Generation  from  a  sparse  Boolean  subalgebra  ensures  that  the  smaller  algebra  never 
fails  to  recognize  the  existence  of  such  an  ordered  pair  decomposition.  Of  course 
preservation  of  the  quantifier-free  part  in  a  direct  limit  is  not  problematic. 
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In  our  typical  applications,  the  algebras  are  inside  N2  and  the  non-zero  elements 
of  Q  have  infinite  support.  In  an  arbitrary  S-algebra,  this  condition  is  somewhat 
different,  since  we  cannot  directly  refer  to  the  support  in  an  algebra  which  corresponds 
to  N2.  In  such  a  situation,  the  relevant  consequence  of  sparseness  is  that  Q  contains 
no  ordered  pairs.  So  we  can  formulate  this  lemma  in  terms  of  the  condition  that  for 
all  xj, . . .  ,Xjfc  €  C,  we  have  S(ii)  V  •  •  •  V  S(xj.)  ^  Q-  Any  such  Q  contains  no  ordered 
pairs.  Our  direct  limit  construction,  later  in  this  chapter,  requires  generators  that 
dominate  infinitely  many  atoms  (relative  to  a  larger  algebra).  The  reason  is  only  so 
that,  in  the  event  that  these  generators  turn  out  to  have  infinite  extension,  they  will 
have  room  for  infinitely  many  singletons  under  them. 

LEMMA  4.3.  Suppose  C  =  SA(Q)  where  Q  is  a  Boolean  subalgebra  of  C  and  for 
all  x\, . . .  ,Xjt  €  C ,  we  have  S(xi)  V  •  •  •  V  S(xfc)  $  Q.  Suppose  that  Q'  is  a  Boolean 
subalgebra  of  Q.  Suppose  we  have  two  rank  indices  cc  <  {}  <  w,  and  these  refer  to 
ranks  with  respect  to  the  same  singleton  function  S.  Let  C'a  be  the  union  of  the  first 
a  ranks  ofSA(Q')  with  respect  to  Q'  and  let  Cp  be  the  union  of  the  first  (3  ranks  of 
SA(Q)  with  respect  to  Q.  Then  for  all  x  G  C'a 

(4-3)  <C£,  E)  \=  3y,  *  [x  .  (y,  *)]  »  (C>,  E)  1=  3|f,  *  [x  =  (y,  z)\ 

Further  suppose  that  T'  C  T(C'Q)  is  closed  under  subterms.  Then  for  all  x  €  C'a  and 
t  €  T'  we  have 

(4-4)  (C'a,E)  t=  Def [r](x)  ^  <C>,  E)  N  Def[r](x) 

PROOF:  The  (=»)  direction  of  (4-3)  is  immediate  from  C'a  C  Cp.  The  converse 
direction  is  non-trivial,  because  x  =  (y,  z)  is  not  quantifier-free  when  it  is  interpreted 
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in  C(E,  =).  This  converse  follows  from  the  fact  that  for  all  x,y  and  z  in  C'a,  we  have 
(C'a,  E)  N  [x  =  (y,  z)]  «-►  (C^,  i?)  1=  [x  =  (y, *)],  which  we  prove  by  an  easy  induction 
on  rank  p(x)  <  a.  If  p(x)  =  0,  then  x  is  not  a  sup  of  singletons,  so  it  is  not  an  ordered 
pair  in  either  structure.  For  p  =  m  +  1,  if  (Ca,  E)  N  [x  =  (y,  z)],  then  y,z6  C'a  have 
rank  at  most  m  —  1  <  a  <  0.  So  y,  z  £  Cp,  and  we  have  (Cp,  E)  1=  [x  =  (y,  z)]. 

To  prove  (4-4)  we  begin  with  the  initial  cases  of  an  induction  on  the  height  of  r. 
Suppose  t  is  e.  If  x  €  C'a,  then  from  (4-3)  we  know  there  are  y,z  €  C'a  such  that  C'a 
satisfies  x  =  (y,  z)  A  yEz  iff  there  y,  z  €  Cp  such  that  Cp  satisfies  x  =  (y,  z)  A  yEz. 
The  case  of  i  is  similar.  If  r  is  c^,  or  c^ ,  then  satisfaction  of  xEc^  or  x£/  is  preserved 
from  C'a  to  Cyj,  because  C'a  <  Cp  <  C  and  the  formulas  in  question  are  atomic  when 
x  is  taken  as  a  specific  parameter  from  C'a. 

Terms  r  =  S(cp)  are  trivial,  because  their  defining  formulas  are  x  =  Cp,  which 
are  atomic. 

The  case  of  r  =  a\Xa2  is  the  easiest  of  the  cases  where  the  height  of  r  is 
non-zero.  Let  x  £  C'Q.  Then 


(4-5)      (C'a,E,<)\=De{[alxa2](x) 

&  x  =  (y,  z)  for  some  y,z  €  C'a      by  definition  (4-2)  of  Def [a\  xa2] 

and  ({£,£,£  )hMfa]br) 

and  (C'a,E,<)t  Def [<r2](z) 
4»  x  =  (y,  z)  for  some  y,z  e  Cp      by  induction  hypothesis 

and(C^,JB,<)l=Def[(7i](y) 

znd  (Cp,E,<)\=De{[a2](z) 
«*■  (C/?,  £,<)!=  Def[(7i  x<r2](x)      by  definition  (4-2)  of  Def [a\  xa2] 
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Suppose  t  =  inv(<r).  Then  for  any  x  6  Cp  we  have 


(4-6)(C'a,E,<)\=Dei[inv(a)}(x) 

&  x  =  (y,  z)  for  some  y,  z  €  Ca 

and  (C£,£,<)l=  Def [*]((*,  y)) 
•<=►  x  =  (y,  2:)  for  some  y,  2;  €  Cp 

zn&  (Cp,E,<)tT>ei[a]((z,y)) 
^(C^,  £,<)!=  Def  [inv(<r)](x) 


by  definition  (4-2)  of  Def  [inv(a)] 


by  induction  hypothesis 


by  definition  (4-2)  of  Def  [inv(cr)] 


Suppose  r  =  7T23(<t).  (The  case  of  r  =  Ti23(<^)  is  similar.)  Then  for  any  x  6  C^  we 
have 

(4-7)  <<£,£,<)»=  Def [*»(*)](*) 

•O  x  =  (y,z,  u>)  for  some  y,z,w  €  C«     by  definition  (4-2)  of  Defffl^o')] 

and(C^,£,<)l=Def[<r]((y,u,,z)) 
&■  x  =  (y,  z,  u>)  for  some  w,y,z  G  C^     by  induction  hypothesis 

and  (Cp,E,<)  N  Def [a]((y, «;,«)) 
«»  (fy,  £,<)*=  Def[*2S(*)](*)  by  definition  (4-2)  of  Def  [7r23(cr)] 

Terms  r  =  S(cp)  are  similar. 

Now  suppose  r  =  puf  (cp)  for  some  p  €  C'a.  Then  for  any  x  £  C'a  v/e  have 

(4-8)      (C;,£,<)l=Def[puf(cp)](*) 

&(Ca,E,<)t  cpEx  by  definition  (4-2)  of  Def  [puf  (cp)] 

&  (Cp, E,<)t  cpEx  since  (C'a, E,  <  )  <  (Cp, E,  <  ) 

«*•  (Cp,  E,<)t  Def  [puf  (cp)](x)  by  definition  (4-2)  of  Def  [puf  (cp)] 
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Note  that  we  must  assume  that  the  object  p  itself  is  in  C'a.  If  C'a  just  has  an  element 
p'  which  contains  the  same  C^-members  as  p,  then,  since  Cp  and  C  may  be  non- 
extensional,  p'  may  be  contained  in  different  objects  x  and  have  different  principle 
ultrafilters. 

Finally,  suppose  r  is  V(cp)  for  some  p  G  C'a.  Then  for  any  z  €  C'a,  we  have 

(4-9)      (Ca,E,<)\=Dei[P(cp)](x) 

e>(C'a,E,<)\=x<p  by  definition  (4-2)  of  Def  [V(cp)] 

&{Cp,E,<)t=x<p  since  (C'a,  E,  <  )  <  (Cp,E,<) 

•«•  (Cp,  E,<)\=  Def [V(cp)](x)  by  definition  (4-2)  of  Def [P(cp)] 

Again,  note  that  we  must  assume  that  the  object  p  itself  is  in  C'a.  Otherwise,  it 
would  not  be  clear  which  objects  are  supposed  to  be  in  V(cp).  | 

In  a  direct  limit  system  of  S-algebras,  if  the  images  of  an  object  all  satisfy  Def  [r], 
then  the  next  theorem  will  say  that  the  object's  image  in  the  limit  also  satisfies  Def  [t]. 
Thus,  we  can  achieve  closure  under  Godel-like  operations  by  stages.  We  will  form 
terms  with  special  constants  for  S-algebras  Cj  for  j  <  n  to  form  the  beginning  of 
a  direct  limit  system  whose  connecting  morphisms  are  not  inclusions.  So  different 
structures  may  conceivably  contain  an  object  which  occurs  in  a  different  role  in  each 
structure.  To  be  clear  about  which  structure  we  want  to  use  to  interpret  a  term,  we 
will  use  different  constants  for  each  structure  Cn,  and  only  use  terms  whose  constants 
all  refer  to  the  same  structure  Cn. 

DEFN  4.4.  If  {Cn}n  and  {ipn}n  form  a  direct  limit  system  of  S-algebras,  define 
^k  '  C'k  — *  ^l  ^°  ^e  the  composition  of  connecting  morphisms  V7-1  o  •  •  •  o  0i.  If  t 
has  special  constants  for  C\.  where  k  <  I,  then  the  update  of  t  for  C\,  denoted  t1,  is 
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the  term  r  with  each  special  constant  cp  for  C\.  replaced  by  cq  where  q  =  ip^p)  G  C\. 
We  say  x  occurs  first  in  Cj  if  Jfe  »  0  and  x  €  Cq  or  x  €  C*  and  for  all  0  <  /  <  k,  we 
have  x  ^  0/ [C/]-  For  0  <  /  <  k  and  any  x  €  Cj.,  we  say  x  originates  in  C\  as  x'  iff 
x  =  ipf(x')  and  x'  occurs  first  in  C\. 

If  a  standard  G-term  t  has  special  constants  only  for  Cj(.,  then  t  and  each  of 
its  updates  a  will  have  associated  generators  gT  and  ga,  respectively,  in  some  later 
stage.  They  are  intended  to  play  the  same  role  and  they  will  be  co-extensional  in 
the  limit.  Of  course  we  could  eliminate  some  of  this  obvious  redundancy.  But  we 
know  of  no  way  to  eliminate  all  redundancy,  which  would  make  the  limit  structure 
extensional.  So  we  will  simply  acknowledge  this  obvious  redundancy.  We  do  not  try 
to  eliminate  it. 

We  must  be  somewhat  careful  that  later  structures  still  allow  the  generator 
associated  with  r  itself  to  play  its  intended  role.  This  will  be  the  case  in  our  direct 
limit  system  by  Lemma  4.3  and  the  fact  that  our  connecting  morphisms  will  be 
one-to-one.  So  we  essentially  have  a  union  of  a  chain  of  structures.  With  terms 
which  involve  a  special  constant  cx  for  some  C^,  if  we  let  y  =  ij>i(x),  then  we  will 
have  a  different  constant  cy  for  C\.  From  the  definition  y  =  $f(x)  it  is  immediate 
that  tp  is  a  homomorphism  of  the  special  constants,  which  are  an  implicit  part  of  the 
language.  Thus  our  use  of  special  constants  together  with  the  simplicity  of  the  Godel- 
like  operations  ensures  that  we  can  make  each  new  generator's  updates  continue  to 
play  the  intended  role  even  though  t^n  moves  singletons  and,  at  first,  would  seem  to 
threaten  changes  in  the  membership  relation  from  one  stage  to  the  next. 

THEOREM  4.5.  Suppose  C  =  lim{Cn}n  is  a  direct  limit  of  S-algebras  with  connecting 
morphisms  ipjf  :  C\.  ^->  C\  for  I  <  k.  Assume 

(i)     For  each  G-term  t  with  special  constants  for  Cj,  there  is  I  >  j  such 
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that  gT  plays  the  role  appropriate  for  t,  i.e.   C\  satisfies  the  formula 
Vx[x€</r  <-►  Def[r](x)]. 
(ii)     For  each  r  and  C\  as  in  (i),  for  all  k  >  I,  the  element  ^[{gr)  plays 
the  role  in  Cf.  appropriate  for  t* ,  i.e.  C^  satisfies  the  formula 

(4-10)  VzlsEjffo)  <-  Def[r*](x)] 

(iii)     Each  C\  is  pointwise  definable. 
Then  C  is  closed  under  Godel-like  operations,  and  C  satisfies  strictly  quantifier-free 
comprehension  with  arbitrary  parameters. 

PROOF:  The  maps  are  one-to-one  homomorphisms  of  A,  V,  ~  and  S,  and  by  def- 
inition of  interpretations  of  the  special  constants,  we  have  homomorphism  of  the 
special  constants.  Thus  the  maps  preserve  satisfaction  of  negative  as  well  as  positive 
sentences  in  £(A,  V,  ~,  S,  =,  cx).  So  they  also  preserve  all  quantifier-free  sentences  in 
£(A,  V,~,S,=,cx).  The  direct  limit  preserves  V3  sentences  in  £(A,  V,~,S,  =,cx). 
The  formulas  in  (4-10)  are  V3  in  £(A,  V,~,S,=,cr),  since  Def[r]  is  existential  and 
we  interpret  x  =  (y,  z)  as  x  =  S(S(y))  V  S(S(y)  V  S(z)),  and  we  can  interpret  yEz  as 
S(y)  <  z,  i.e.  (S(y)  A  z)  =  S(y).  Thus,  satisfaction  of  (4-10)  is  preserved  in  the  limit. 

The  terms  e  and  i  are  interpreted  in  some  C\  and  are  defined  by  existential 
formulas.  Therefore,  the  corresponding  elements  of  the  direct  limit  also  satisfy  the 
appropriate  definitions.  Hence,  C  has  codes  for  E  and  =.  Again,  the  interpreta- 
tions of  u>  and  /  are  unrestricted  in  this  context,  since  they  are  irrelevant  to  strictly 
quantifier-free  comprehension. 

For  closure  under  cartesian  products,  suppose  a,  6  €  C.  Some  C;  contains 
pre-images  of  both  of  them.  Those  pre-images  are  defined  by  standard  G-terms  r 
and  a  respectively,  since  each  Cj  is  pointwise  definable.  It  follows  that  Def[rx<r]  is  a 
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standard  G-term  and  has  an  interpretation  x  in  some  C\.  The  images  ^f(x)  interpret 
Def  [t*X<7*]  in  every  C\.  for  k  >  I,  and  its  image  in  C  interprets  the  updated  version 
of  the  term  Def  [tx<t]  in  C.  Thus,  C  is  closed  under  cartesian  products. 

For  closure  under  inverses,  suppose  a  €  C.  Some  Cj  contains  a  pre-image  of 
it,  and  the  pre-image  is  defined  by  a  standard  G-term  t.  The  term  inv(r)  has  an 
interpretation  x  in  some  C\.  The  images  w(x)  interpret  Def[inv(-r*)]  in  every  C^  for 
k  >  /,  so  its  image  in  C  interprets  the  updated  version  of  the  term  Def  [t]  in  C.  Thus, 
C  is  closed  under  inverses.  The  other  Godel-like  operations  are  similar,  though  puf , 
S  and  V  use  special  constants  for  C,  so  we  will  consider  the  latter  cases  separately. 

For  any  p  6  C  with  a  pre-image  x  in  some  Cj,  the  terms  puf(cx),  S(cx)  and  V(cx) 
are  standard  G- terms  with  special  constants  for  Cj.  So  some  C\  has  an  interpretation 
for  each  of  the  standard  G-terms  puf(cy),  S(cy)  and  V(cy),  where  y  is  the  image  of  x 
in  Cj.  Each  of  those  interpretations  has  an  image  z  in  C.  The  element  z  interprets 
puf(cx),  S(cx)  or  V(cx),  respectively,  since  the  defining  formulas  for  these  terms  are 
atomic. 

Thus,  the  limit  C  has  interpretations  for  each  of  the  standard  G-terms.  So  by 
Propn.  4.5,  the  S-algebra  C  is  closed  under  Godel-like  operations.  Then  by  Theorem 
2.23  we  know  that  C  satisfies  strictly  quantifier-free  comprehension  with  arbitrary 
parameters  and  is  closed  under  power  set  formation.  | 

In  the  situation  described  in  the  theorem,  the  image  in  the  limit  of  an  object 
which  interprets  a  term  t  will  play  the  role  indicated  by  r.  Then  if  we  essentially 
close  under  terms  of  height  n  at  stage  n  + 1 ,  we  will  have  a  limit  which  is  closed  under 
Godel-like  operations.  Actually,  we  must  add  only  finitely  many  generators  at  each 
stage.  There  are  infinitely  many  terms  of  height  less  than  or  equal  to  n  with  special 
constants  for  stages  up  to  stage  n.  So  we  will  distribute  the  additional  objects  which 
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interpret  those  terms  throughout  the  stages  after  stage  n.  Thus  the  limit  will  have 
an  interpretation  for  every  term  t. 

4.2.  The  Direct  Limit  Construction 

This  section  is  an  extended  definition  of  an  S-algebra  by  a  direct  limit  construc- 
tion in  N2.  The  limit  will  be  closed  under  Godel-like  operations.  It  will  satisfy  strictly 
quantifier-free  comprehension  and  contain  an  element  which  embeds  its  universal  set 
into  its  copy  of  u>. 

We  will  generate  each  stage  Cn  rank  by  rank,  much  like  SA(0, 1).  It  follows 
that  Cn  =  U{Cn,m}m-  Given  Cn  we  will  choose  finitely  many  standard  G-terms 
with  special  constants  for  Cn  to  be  interpreted  by  elements  of  Cn+\.  To  do  this  we 
choose  finitely  many  free  generators  in  A  C  N2  whose  non-zero  Boolean  combinations 
have  infinite  support,  and  thus  form  a  sparse  subalgebra  Cn+\  q  of  N2.  The  supports 
of  the  minimal  non-zero  elements  (atoms  relative  to  Cn+\  o)  form  a  finite  partition 
of  u>.  This  partition  refines  the  similar  partition  from  Cn  o-  To  accomodate  the 
new  generators  in  Cn+\tQ,  we  use  information  about  the  structure  of  Cn  to  adjust 
Sn(x)  i-»  <^n(Sn(z))  within  its  partition  set  from  Cn.  Then  we  can  generate  Cn+\ 
by  ranks.  So  Cn+\  =  U{Cn+ijm}m,  since  for  any  xi,...,x*  €  Cn+i,m,  we  have 
Sn+l,m(xi)  V  •  •  •  V  Sn+i)m(xjt)  £  C„+i,o-  Moreover,  since  Cn+\fi  is  sparse  in  N2,  we 
can  easily  scatter  singletons  of  new  elements  within  their  appropriate  partition  sets 
to  ensure  that  Sn+i  m  is  one-to-one. 

This  construction  reveals  a  critical  feature  of  our  comprehension  scheme.  Cir- 
cularity of  definition  is  rather  narrowly  avoided  for  strictly  quantifier-free  compre- 
hension, as  one  might  expect.  This  is  accomplished  by  extensive  use  of  induction, 
especially  in  closure  under  puf  (p)  to  allow  parameters  in  the  comprehension  scheme. 
We  have  already  seen  that  the  witness  of  the  comprehension  axiom  for  xEe  has  mem- 
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bers  x  —  (y,  z)  determined  by  reference  to  satisfaction  of  xEy,  not  quite  circular.  The 
witness  of  the  comprehension  axiom  for  pEv  has  members  determined  by  reference 
to  satisfaction  of  vEp,  again,  not  quite  circular.  Of  course,  an  inductive  construc- 
tion cannot  have  the  information  required  at  each  stage  to  determine  membership 
in  witnesses  of  the  comprehension  axioms  for  xEx  or  for  3iw  [u?  =  v  A  wljv],  since 
both  formulas  define  Russell's  set.  These  are  formulas  where  the  number  of  variables 
is  reduced  either  by  explicit  quantification  or  by  variable  repetition,  which  in  this 
instance  has  the  same  effect.  Hence  we  claim  that  the  problem  with  the  paradoxes 
of  Russell  and  Cantor  is  associated  with  binding  variables,  not  with  set  theoretic 
interpretation  of  the  basic  aspects  of  logic. 

Index  the  infinite  set  G  C  A  of  free  generators  so  G  =  {gT\  t  €  T(A)}.  We  will 
essentially  arrange  that  r^  =  gT.  Technically,  if  gT  originates  in  Cj,  then  t^  will  be 
a  constant  sequence  (<7r),>n  €  limCn.  For  t  =  Cu,  the  ^-elements  of  gT  with  the 
relation  E  will  form  a  structure  isomorphic  to  u  with  €. 

To  construct  Cn,  we  will  construct  Boolean  algebras  {Cnym}m,  each  with  a 
function  Sn,m  which  defines  singletons  for  elements  of  that  structure.  For  many 
x  G  Cn,m  the  singleton  Sn,m(x)  will  not  be  an  element  of  Cn,m-  The  second  index 
m  is  associated  with  iterated  extension  of  Cn,m  by  new  atoms  which  are  singletons 
of  its  elements,  with  consequent  closure  of  Cn  under  S,  as  well  as  A,  V,  and  ~.  The 
first  index  n  is  associated  with  iterated  addition  of  finitely  many  new  generators  at 
each  step  to  achieve  closure  under  our  Godel-like  operations,  which  include  standard 
terms  of  arbitrary  finite  height  in  £(e,i,  x,inv, ^23, X123, puf ,  V). 

The  ranking  of  elements  by  the  second  index  m  is  by  far  the  more  important 
rank.  It  relates  to  the  repeated  returns  we  make  to  sparse  algebras  in  order  to  make 
Sn  well-defined  and  to  make  <pn  preserve  singletons.  In  addition,  the  m-ranks  of 
the  direct  limit  structure  allow  us  to  pass  downward  to  an  extensional  substructure 
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of  the  limit  C  which  preserves  satisfaction  of  essentially  Si  formulas  and  others  of 
even  higher  quantifier  complexity.  The  formulas  in  question  are  relatively  simple 
Si  formulas.  Their  preservation  does  not  imply  the  preservation  of  all  Si  formu- 
las betweeen  these  structures.  However,  in  C(E,<,=)  we  do  need  more  than  just 
downward  preservation  of  quantifier-free  and  V  formulas. 

So  the  Boolean  algebra  Cn,m  will  not  be  closed  under  singletons.  The  S-algebra 
generated  by  Sn  from  C„yQ  will  be  Cn,  where  Sn  is  the  common  extension  of  {Snjm}m, 
which  we  will  define.  Specifically,  the  Boolean  subalgebra  Cn,m+1  will  be  the  Boolean 
extension  of  Cn,m  by  the  singletons  of  elements  in  that  structure.  In  other  words 
Cn,m+1  =  Cn,m(Sn,m[Cn,m])-  The  functions  {Sn,m}m  will  be  compatible  because 
of  the  facts  that  Cno  is  sparse  and  that  for  any  y, z  we  code  (y, z)  so  it  has  finite 
support.  Consequently,  whenever  an  ordered  pair  is  constructed,  its  components  will 
already  be  present,  and  Sn,m  will  recognize  it  as  an  ordered  pair. 

Since  we  must  have  <pn(Sn(x))  =  Sn+i(<Pn(x)),  our  decision  about  each  standard 
G-term  r  and  associated  generator  gT,  whether  <pn(Sn{x))  <  9t  or  not,  will  determine 
whether  (the  image  of)  x  remains  a  member  of  gT.  It  will  also  determine  whether  the 
image  of  x  becomes  a  member  of  a  new  generator  gT.  Aside  from  r  =  c^^cr,  for  any 
other  term  r  in  a  specified  finite  Tn+\  C  T  and  for  any  x  6  Cn,m,  we  will  indicate 
the  "restriction  on  <Pn,m+l(Sn,m(x))  due  to  the  presence  of  r  in  rn+i"  by 

RnIm+l(S»,m(*),T) 

This  will  be  an  element  of  N2,  either  gT  or  ~  gT.  It  will  indicate  whether  we  need  to 
place  <pn,m+l(Sn,m(x))  under  the  generator  gT  or  not. 

For  r  =  10,  f,  we  have  special  cases  because  our  claim  about  u  is  structural;  it 
is  not  definable  by  a  first  order  formula.  We  will  define  R^  m+l(Sn,m(x),T)  much  as 
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we  defined  RS(x,u;)  and  RS(x,/)  in  Chapter  2,  since  the  function  S„+i  will  extend 
¥>n[Sn]-  Now  the  j'  of  the  construction  in  Chapter  2,  a  (code  for  a)  natural  number, 
may  vary  from  one  stage  to  another,  so  we  will  denote  them  j'"'  for  any  j,  n  £  u>. 
The  only  elements  of  u;  in  Co.m+1  will  be  0<°)  =  0  and  (;'  +  1)(°)  =  ;(°)  V  S0,m0'(0)) 
for  j  =  0, ...,m.  The  only  elements  of  u>  in  Cn+l,m  will  be  <Pn(j  )  f°r  J  —  m- 
We  will  make  the  natural  identification  of  an  element  in  the  limit  with  an  element 
in  some  stage  Cn-  For  example,  we  identify  (f)a>n  for  some  n,  with  /  itself.  Since 
the  connecting  morphisms  are  one-to-one,  the  direct  limit  is  essentially  a  union  of  a 
chain  of  S-algebras.  This  is  why  we  can  expect  u  in  the  limit  to  be  (isomorphic  to) 
the  standard  natural  numbers. 

Recall  that  the  only  elements  of  /  in  Chapter  2  had  rank  at  least  two,  and  they 
were  ordered  pairs  x  =  (y,  z),  where  z  =  (ind(j/))',  so  zEoj.  Again,  the  element  y 
may  be  moved  by  ipn,  with  resultant  changes  in  its  index.  So  we  need  to  require  that 
z  =  (ind(u;))(n'  ,  where  y  originates  as  w  in  C^,  for  some  k  <  n.  This  definition  in 
terms  of  the  origin  w  of  y  will  ensure  that  the  image  of  y  under  the  coded  function 
/  will  be  well-defined,  even  though  the  updates  of  y  various  in  various  stages  are 
different  and  have  different  indices. 

These  restrictions  Rjj  m ,  j  will  adjust  v'nISn]  to  accomodate  the  new  generators 
of  Tn+\.  We  then  define  S„+i  similarly,  so  it  will  extend  <^r»[Sr»].  We  will  indicate 
"the  restriction  on  S„+i)m(x)  due  to  the  presence  of  r  in  Tn+i"  by 

R»+1,»(*»T) 

This  will  indicate  whether  we  need  to  place  S„+i)rn(a;)  under  gT  or  not  in  order  to 
make  this  generator  contain  the  correct  elements.  In  that  case  x  will  be  any  object 
in  Cn+i)m,  the  next  and  larger  stage  of  the  construction,  not  just  fn[Cn]- 
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Now  we  detail  the  construction.   For  every  n,m  €  u  and  y,z  €  Cn,m,  we  will 
define  the  usual  ordered  pair  function  restricted  to  any  Cn,m  as  Cn,m  constructed. 

(4-11)  (y,  z)n,m  =  S„>m+i(SB|m(y))  V  S„)m+i(S„,m(y)  V  Sn,m(z)) 

For  all  n  €  w  and  y,z  G  Cn,  we  will  define  (y,z)n  similarly.  Define  the  sparse 
algebra  Co(o  =  {0, 1}.  For  all  m  €  u;  define  Sojm(x)  =  X{ind(x)}-  Then  the  definition 
Co.m+l  =  Cotm(Sotm[Cntm])  gives  us  Sq:  Cq  ^^  Co  and  Co  =  SA(0, 1),  the  smallest 
S-algebra  in  N2  which  contains  {0, 1}.  Let  T  =  T(A)  be  the  set  of  standard  G-terms 
with  special  constants  for  our  chosen  countable  environment  A.  Technically,  since 
we  want  different  constants  for  each  stage  Cn,  we  will  use  No  copies  of  each  of  these, 
with  each  copy  distinguished  by  a  stage  index  n.  We  will  suppress  this  additional 
index.  We  will  define  Cn+\  inductively  via  To  =  0  and  Tn+i;  the  finite  set  Tn+\ 
is  the  set  of  standard  G-terms  in  T  which  have  height  less  than  n  and  which  have 
special  constants  cx  for  some  Cj  with  j  <  n,  with  ind(ar)  <  n.  So  Tn+\  is  finite 
and  closed  under  subterms.  We  will  define  each  Cn+1,0  to  be  the  Boolean  algebra 
generated  by  {gT\r  £  Tn+i}. 

Assume  for  induction  we  have  already  constructed  Cq,  . . . ,  Cn  and  we  have  de- 
fined S-algebra  homomorphisms  ipQ, . . .  ,<fn-l  which  are  one-to-one.  Let  En  be  the 
associated  membership  relation  for  Sn- 

To  begin  execution  of  the  plan  we  have  discussed  to  construct  ipn,  let  ipn  q  be 
the  identity  on  CnQ.  We  want  <^n,m+l  to  be  a  homomorphism  of  A,  V  and  ~  on 
Cn,m+1  =  Cn,m(Sn,m[Cn,m])-  Thus,  to  extend  <pn,m  to  Cnrn+\,  it  suffices  to  define 
it  on  singletons,  i.e.  to  define  <pn,m+l(Sn,m(x))  for  all  x  G  Cn,m-  Define 

(4-12)     <pn,m+l(Sn,m(x))  is  the  ind(v?„)m(x))th  atom  under 

A{K,m+l(Sn,m(^r)\reTn+l} 
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where  R^m+i(Sn,m(a;),r)  for  t  ^u,f  is  defined  by 

(4-13)  R^m+1(S„,m(x),r)  =  gT  iff  (Cn,En,  <  )  1=  Def[rn](x) 

Recall  that  we  refer  to  the  associated  membership  relation  En  instead  of  Sn  because 
Cn  is  not  closed  under  Sn.  The  relation  <  is  simply  the  restriction  of  the  order  of  N2 
to  Cn. 

Consider  the  special  case  r  =  u.  Technically,  the  maps  tpn  are  not  inclusions, 
so  we  need  to  be  careful.  Each  Cn  will  have  different  interpretations  of  the  natural 
numbers.  We  will  define 

(4-14)  oM  =  0  and  {j  +  l)(n)  =  ;W  V  Sn(j^) 

in  Cn-  Since  j(n'  is  simply  constructed  from  S-algebra  operations,  we  see  that  we 
have  ()(n)  €  Cn>o  and  j(n)  6  Cn,m  for  each  j  <  m.  Thus  we  define 

(4-15)  RjJm+1(S„,m(a;),u;)  =  gu  iff  x  =  j^  for  some  j  <  m 

We  completee  the  definition  of  R«im  with  the  other  exceptional  case  where 
r  =  /.  As  described  above,  we  define 

(4-i6)  R£o(*./)  =  R*,i(*. /)=-*/ 


and 


(4-17)    Rjjim+2(z,  /)  =  9f  iff  3y,  z  €  Cn,m  such  that 

[x  =  (y,z)n,m,  y  originates  as  w  €  C^,  k  <n  and  z  =  (ind(tu))(n)] 
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To  apply  the  definition  of  Rn)Tn,  we  start  with  Cnfi  on  which  y>n>o  is  defined  to 
be  the  identity.  We  generate  images  for  singletons  of  those  objects  and  close  under 
Boolean  operations.  That  is  to  say,  we  generate  images  for  elements  of  Cn  \.  We 
repeat  this  in  an  induction  on  the  second  index  m.  When  we  define  <Pn,m+l(Sn,m(x)) 
for  x  £  Cn,m,  we  will  already  have  defined  <fn>m(x),  so  we  will  have  its  index  available 
to  use  when  we  place  the  image  of  Sn.m^)- 

With  <pn  defined,  to  construct  Sn+i  and  Cn+\  =  U{£V»+l,m}m,  we  start  with 
Cn+1  o  =  BA(<7t|t  €  Tn+\).  A  definition  analogous  to  the  definition  (4-12,13)  for 
Vn.m+1  wiM  suffice  for  S„)m+i.  For  m  =  0,  we  have  no  Sn+^-i  available,  so  we  cannot 
refer  to  any  previous  membership  relation  within  stage  n  +  1.  However  the  situation 
is  trivialized  in  many  cases  by  our  chosen  codes  for  ordered  pairs.  In  Cn+\  o  there 
are  no  ordered  pairs  since  ordered  pairs  must  be  non-zero  and  have  finite  support. 
If  r  is  not  puf(cp),  V(cp),  Cu  or  S(cp),  then  Def[r](a;)  (or  the  special  definition  of 
R„  ■  j  q(x,/),  will  require  that  x  is  an  ordered  pair.  So 

(4-18)  I&H,o(*>T)=~^ 

If  r  =  puf  (cp)  where  cp  is  a  special  constant  for  Cj  for  some ,;'  <  n,  let  p'  =  ^(p) 
to  update  t.  Then  define 

(4-19)  R5+1,o(*.  r)  =  gr  iff  v„(S„(p'))  <  * 

Note  that  we  do  not  know  the  rank  of  p'  in  Cn.  So  prior  to  construction  of  Cn+1> 
we  must  construct  all  of  <pn  and  of  <pn[Cn],  an  isomorphic  copy  of  Cn,  which  will 
be  compatible  with  our  intended  use  of  the  new  generators  in  Cn+\.  The  atom 
¥>n(Sn(p'))  gives  us  all  the  membership  information  about  (the  update  of)  p  which 
we  need  at  stage  n  +  1. 
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If  r  =  V(cp)  with  p  €  Cj  for  some  j  <  n  and  ind(p)  <  n,  let  p'  =  tpfip)  to 
calculate  the  update  Tn.  Note  that  <fn(p')  is  V3?     •  This  is  the  appropriate  update 
of  p  for  the  definition  of  restrictions  RjL.1"  Define 

(4-20)  R5+1,o(*>  r)  =  gri«x<  <pn(p') 

For  t  =  w,  since  Cn+i(o  is  sparse,  we  define 
(4-21)  RS+1(0(x,r)  =  flfriffx  =  O 

Now  we  define 

(4-22)  Sn+lfi(x)  is  the  ind(x)th  atom  under  /\{B^+lfi(x,T)\r  €  Tn+i} 

These  cases  where  m  =  0  and  r  =  puf(cp),  V(cp),  c^  or  S(cp)  are  critical  in  the 
construction  since  they  ensure  that  Sn+i(<pn(x))  =  <pn(Sn(x))  in  the  fundamental 
instances.  In  the  case  of  these  non-pairs  x  G  Cn+\  o,  for  correct  management  of 
the  singleton  with  respect  to  the  fundamental  comprehension  axioms  for  the  mem- 
bership language,  we  are  essentially  just  required  to  make  ipn  be  one-to-one  and 
place</?„(Sn(a:))  under  u  .  Then  as  an  ordered  pair  x  =  (y,z)  is  constructed  in  Cn+i, 
our  placement  of  Sn+i(x)  is  guided  by  what  we  have  already  done  with  the  compo- 
nents of  x.  More  non-pairs  are  created  in  Cnm+\.  They  have  the  normal  form 

(4-23)  x  m  (q\  \/  Sn+1[Y})  V  \J  Sn+1[Z] 

where  q  e  Cn+1,0>  and  Y,Zc  Cn+i  are  finite.  Again,  correct  management  of  their 
singletons  essentially  just  requires  that  <p„  is  one-to-one  and  places  them  under  u°. 
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Now  we  detail  the  extension  of  Sn+^o-  Our  definition  of  xEn+itTny  by  the 
formula  Sn+i  m(x)  <  y  will  not  require  closure  of  Cn+\tfn  under  Sn_|_im,  since  the 
order  referred  to  in  the  definition  is  the  order  of  N2  and  Sn+i)m(x)  is  an  element  of 
N2. 

To  extend  (4-22)  for  all  m,  we  define  S„+i)m  as  follows. 

(4-24)  S»+i,m(x)  is  the  ind(z)th  atom  under  /\{Rf+i,m(*,T)|  r  e  Tn+i} 

where,  for  m  >  0  and  t  ^  u>,  f 

(4-25)  RiUi,m(*,  r)  =  gr  iff  (Cn+1>m,  En+l>m,  <  )  (=  Def  [rn](x) 

For  r  =  u,  as  with  R„m+p  we  have  a  special  case,  because  our  claim  about 
u  is  not  definable  by  a  first  order  formula.  Since  j'(n+1)  is  simply  constructed  from 
the  S-algebra  operations,  we  see  that  we  have  0'"~*"  >  €  Cn,0  and  r*  G  Cn+l,m 
for  each  j  <  m.  In  the  definition  of  jv*+ */,  note  that  we  only  use  the  previously 
constructed  part  Sn,m  of  the  singleton  function.  Thus  we  define 

(4-26)  R^+lm(x,u;)  =  gu  iff  x  =  /"+l)  for  some  j  <m 

For  r  =  /,  we  define 

(4-27)    RS+1>m(*,  /)  =  9f  «  3», z  €  <7„,m_2 

[x  =  (y,z)n,m-2>  y  originates  as  w  in  C*,  k  <  n  +  1  and  z  =  (ind(io))(n+1)] 

Finally,  we  define  S„  =  U{S„jm}m  with  Cn  =  U{C„,m}m  and  <pn  =  U{v?„,m}m. 
This  finishes  the  construction  of  the  direct  limit  system. 
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4.3.  Strictly  Quantifier-free  Comprehension  with  Parameters 

We  proceed  with  our  central  technical  result  that  Rj^  m ,  j  and  R„  ,  j  m  are  indeed 
compatible  with  respect  to  all  r  €  Tn+1-  We  have  to  verify  three  features  of  the 
construction  of  Section  4.2.  One  is  that  the  maps  (pn  are  homomorphisms  so  that 
we  have  a  direct  limit  system  of  S-algebras.  Then,  as  we  showed  in  Chapter  2,  the 
limit  C  will  be  an  S-algebra.  Second,  we  need  to  verify  the  hypotheses  of  Lemma 
4.3,  so  we  know  that  C  is  closed  under  Godel-like  operations,  essentially  because  the 
formulas  which  define  those  operations  are  V3  in  £(A,V,~,S).  Finally,  we  need  to 
observe  that  u>  and  /  demonstrate  internal  countability  of  C. 

We  will  distinguish  those  terms  whose  elements  will  necessarily  be  ordered  pairs. 
Note  that  such  "non-relational"  terms  may  contain  ordered  pairs,  but  our  analysis 
will  not  assume  that  they  contain  only  ordered  pairs. 

DEFN.  4.6.  A  special  G-term  whose  outermost  symbol  is  u;,  puf  or  V  is  a  non- 
relational term.  The  other  special  G-terms  are  relational,  i.e.  those  with  outermost 
symbol  e,  i,  /,  x,  inv,  7^3  or  71-123. 

We  will  verify  by  induction  on  m  that  y>n,m  is  a  homomorphism  of  Sn,m-  Then 
it  is  a  homomorphism  of  the  ordered  pair  function.  In  all  the  cases  where  r  is 
relational,  the  situation  is  trivialized  when  x  is  not  an  ordered  pair.  Consider  an 
ordered  pair  x  =  (x\,X2)n+l,m-2-  Since  x  is  an  ordered  pair  and  r  is  relational,  we 
see  that  R^  m ,  j  and  R„+j  m  are  compatible  as  follows.  We  have  x  =  (x\,  Z2)n+l,m— 2 
and  Sn+iim_2(xi)  is  already  defined  with  x\Ex2  or  x\$xi  already  decided.  The 
important  point  here  is  not  just  that  the  definition  is  non-circular.  At  each  stage 
of  the  induction  on  m,  for  each  t  in  Tn+\,  our  concern  is  whether  gr  serves  as  the 
interpretation  of  r  in  Cn+i.  The  treatment  by  Sn_)_i  of  fc-tuples  is  consistent  with 
the  treatment  of  the  A;-tuples'  components,  which  arise  in  earlier  ranks  of  Cn+i, 


92 
associated  with  smaller  values  of  m.  This  is  also  trivially  true  in  Cq,  since  Tq  =  0. 
The  consequence  of  this  is  that  <pn  will  be  a  homomorphism  of  singleton  functions 
so  long  as  it  preserves  singletons  of  non-pairs.  Nested  within  the  induction  on  m,  we 
will  need  induction  on  the  complexity  of  r  and,  in  certain  instances,  also  induction 
on  the  complexity  of  x  G  Cn  o  as  a  Boolean  combination  of  the  generators  ga.  This 
will  be  tedious. 

PROPN  4.7.  Let  Cn  be  defined  as  in  Section  ^.2.  For  all  n  €  u,  the  map  <pn  is  a 
one-to-one  homomorphism  of  the  S-algebra  Cn  into  Cn+\. 

PROOF:  On  Cnfi,  we  defined  (pnfi  to  be  the  identity,  which  is  one-to-one,  and  we 
used  the  Boolean  normal  form  representation  of  x  6  Cn  to  extend  <pn,  so  (pn  is  a 
Boolean  homomorphism.  Now  it  suffices  to  prove  that  <pn(Sn(x))  =  Sn+i(<pn(x)). 
Compare  their  definitions,  supposing  that  x  has  rank  m  in  Cn. 

(4-12)     <pn,m+l(Sn,m(x))  is  the  ind(v?„)m(a:))th  atom  under 

/\{<,m+l(Sn,m(*hT)\T  £Tn+l} 

When  we  apply  definition  (4-24)  of  Sn+i)m  to  <pn,m(x),  we  have 

(4-28)    Sn+itm(<pnim(x))  is  the  ind(v?„)m(x))th  atom  under 

A^Rn+l,m(Vn)m(x),r)|r€rn+1} 

Notice  that  to  match  these  definitions  required  in  part  that  we  define  <Pn{Sn(x))  in 
terms  of  <fn{x).  This  self-reference  in  the  definition  of  <pn  is  the  reason  we  need  to 
define  <pn  by  induction  over  the  rank  index  m. 

To  complete  the  match  of  (4-12)  and  (4-28),  it  will  suffice  to  show 

(4-29)  RS,m+l(S»,m(x),r)  =  RS+i,m(v>„,m(x),r) 
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for  all  r  €  Tn+i  and  x  6  Cn,m-    We  prove  this  by  induction  on  m  and  on  the 
complexities  of  r  and  x.  For  each  n,  the  initial  case  m  =  0,  the  most  complicated,  is 
treated  in  the  following  lemma. 

Lemma  4.8.   For  C  as  constructed  in  Section  4-2,  for  any  n  €  u>,  any  x  £  Cnfi  and 
all  t  €  Tn+\,  we  have 

(4-30)  R£i(S„,o(*),r)  =  R2+1,o(Vm(*)»t) 

PROOF:  First  consider  the  easy  cases  of  relational  t,  where  t  has  only  special  con- 
stants for  Cj  for  some  j  <  n. 

From  definition  (4-13)  of  RJ£m_i_i>  we  have 

(4-31)  R£(1(Sn)0(z),T)  =gT  iff  (Cn,En,<  )  f=  Def[r"](x) 

Now  since  x  G  Cn,0  1S  no^  an  ordered  pair,  it  follows  that  for  relational  r  we  have 
(Cn,En,<  )  ^Def[Tn](x)  and  hence  R^1(S„)o(x),r)  =~  gT. 

For  R„+i  o(x'T)  w'*^  relational  t,  from  the  definition  (4-12)  we  have 

(4-32)  R„+i,o(Vn,o(^),  t)  =  R„+i)0(a;,  t)  since  <pnfl(x)  =  x 

=~  ^t  by  definition 

(4-18)  of  RS+1>0 
=  R^  1(S„)o(x),  t)     as  we  just  observed 

following  (4-32) 

The  analysis  of  R^+10(i,t)  is  much  more  complicated  in  the  critical  cases 
where  m  =  0  and  t  is  non-relational,  since  the  initial  two  ranks  are  non-trivial,  and 
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also  the  rank  of  an  object  p  referred  to  by  a  special  constant  cp  may  be  well  above 
zero.  Note  again  that  <pnfi{x)  =  x.  Every  x  G  Cnfi  is  a  Boolean  combination  of 
generators  ga  6  Tn  where  a  has  special  constants  for  Cj  for  some  j  <  n.  We  will 
begin  with  consideration  of  the  generators  gff,  and  we  consider  the  rest  of  Cn<Q  by 
induction  on  the  complexity  of  Boolean  combinations  of  those  generators  gc.  The 
most  complicated  case,with  m  =  0  and  r  =  puf(cp)  is  considered  in  the  following 
lemma. 

SUBLEMMA  4.8.1.  For  C  as  constructed  in  Section  4-2,  any  n  €  u>  and  ga  €  Cn  q, 
if  Cp  is  a  special  constant  symbol  for  Cj  for  some  j  <  n,  then 

(4-33)  Rj,l(Sfi,Q(&r)i  puf  (cp))  =  B%+ifi(<Pn,0(g<r),  puf  (Cp)) 

PROOF:  Consider  r  =  puf(cp),  also  denoted  puf(p),  for  p  as  in  the  hypothesis.  Let 
p1  denote  the  update  ^(p)  of  p  into  Cn-  The  relevant  instance  of  definition  (4-13) 

of  K,m+\  is 

(4-34)RiJ1(Sn)0(x),puf(p))=Vf(p) 

«■  (C„, £„,<)!=  Def [pu((p')](x)        by  definitions  (4-13) 

of  K,m+1  ™*  (4-4)  of  r» 
«*•  (C„,  £„,  <  )  1=  p'Ex  by  definition  (4-2)  of  Def  [puf  (p)] 

We  have 
(4-35)  Rn+l,o(x>  Puf (P))  =  Vf(p)  *"*  Vn(S„(p'))  <  a:  =  ^ 
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by  definition  (4-19)  of  Rj> ,  j  Q  when  T  =  puf(p).  We  want  to  relate  these  conditions 
to  the  restriction  in  (4-34)  on  <pn(Sn(x))-  This  is  why  we  need  to  consider  x  =  ga 
and  proceed  from  there  by  induction.  We  know 

(4-36)  *>n(S„(p'))  <  x  =  g,  <-  R^/+1(S„(p'),  <r)  =  </, 

where  p'  G  Cn  /  and  for  all  cg  in  <r,  the  object  q  is  in  some  C*  /  with  A;  <  n.  Now  the 
right  hand  side  is  a  condition  on  Sn  instead  of  S„_|_i.  It  is  equivalent  to 

(4-37)  (Cn,En,<)tDe{[*n](p') 

by  definition  (4-13)  of  R^  , , ,.  That  is  equivalent  to 

(4-38)  (Cn>h  En>h  <  )  1=  Def[<7n](p') 

by  Lemma  4.3,  and  hence  equivalent  to 

(4-39)  Kli(p',°)  =  9* 

since  o  G  Tn.  This  is  equivalent  to 

(4-40)  (CnthEnih<)\=p'Eg<, 

by  definition  (4-24)  of  S„/.  This  is  equivalent  to 

(4-41)  {Cn,En,<)\=p'Ega 
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since  p' Ega  is  quantifier-free.  Finally,  this  condition  is  equivalent  to 

(4-42)  <)1(Sn)o(x),  puf(p))  =  Vf(p) 

by  (4-34). 

This  completes  the  proof  of  Sublemma  4.8.1.  | 

We  will  later  use  the  observation  that  the  cases  t  =  u,  V(cp)  will  not  depend  on 
x  €  Cn  o  being  a  generator. 

Consider  t  =  u>.  The  relevant  instance  of  definition  (4-15)  of  Rj£  m  ,  j  (Sn,m(z),  w) 
is  R^  1(Sfl)o(a:),u>)  =  gu  iff  x  =  0^n>  =  0.  Since  fnfi(gu)  =  gu,  the  definition  (4-26) 

of  Rn+l,m  tells  us 

(4-43)  RS+1,o(*»^)  =  9u  iff  x  =  0("+1)  =  0 

Suppose  r  =  V(cp),  where  cp  is  a  special  constant  symbol  for  Cj  for  some,;'  <  n. 
Let  p'  denote  the  update  <p*j(p)  of  p  into  C„.  The  relevant  instance  of  definition  (4-13) 

of  Rn,m+l(Sn>™(x)'T)is 

(4-44)  RS,i(S»,o(*),  HP))  =  9V(P)  ^  *  <  MP) 


Then 


(4-45)  K,l$»ja{*)>1>(P))  =  9v<p) 

«-♦  (C„,  £„,  <  )  1=  Def  [P(cj/)](x)     by  definitions  (4-13) 

of  K,m+l  ™*  (4-4)  of  r» 
«(Cn)£n,<>l=i<p'  by  definition  (4-2)  of  Def [P(<y )] 
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By  definition  (4-20)  of  R~  ,  j  q(j/,'P(p))  for  y  =  <fn,o(x)i  we  have 

(4-46)RS+10(v?fl(x),P(p))  =  (/np) 

**■  <,fn(a:)  <  VnQ?')  by  definition  (4-20)  of  R^+1,0 

when  t  =  "P(p) 
4^  x  <  p  since  <£>„  is  a  Boolean  homomorphism 

*  <l(S„,o(z),  P(p))  =  <7p(p)     by  definition  (4-13)  of  Rj m+1 

when  r  =  P(p) 

Now  Lemma  4.8  is  proven  for  i  =  ga  €  Cn,0-  In  the  following  sublemma,  we 
finish  Lemma  4.8  with  a  straightforward  induction  on  normal  form  Boolean  combi- 
nations of  the  generators. 

SUBLEMMA  4.8.2.  ForC  as  constructed  in  Section  4-2,  for  any  n  €  u>,  any  x  €  Cn  o 
and*  any  non-relational  r  €  rn+i,  we  have  RJJ  1(Sn)0(x),r)  =  J§+1|0(v>n,o(*)>'")- 
PROOF:  As  noted  above,  the  cases  of  Sublemma  4.8.1  with  t  =  u,V(cp)  did  not 
depend  on  the  assumption  that  x  G  Cn  o  was  a  generator,  so  those  cases  have  already 
been  considered. Thus  we  assume  r  =  puf(p). 
Suppose  x  =~  ga  with  a  €  Tn. 

(4-47)    Rn+i(0(~  5<r,  puf (p))  =  opuf(p) 

^  V»fi(Sn(p;))  <~  off  by  definition  (4-19)  of  R^+1>0 

*>  Vf»(Sn(p  ))  ^  0<r  since  Vn(Sn(p'))  is  an  atom 

>«•  (C„,  £„,  <  )  N  //##,  by  definition  (4-12,13) 

of  Vn(Sn(p')) 
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«■  (Cn,  En,  <  )  N  p'E(~  gff)  since  <pn(Sn(p'))  is  an  atom 

*  R£l(S„,o(~  *), puf (p))  =  Spuf(P)     by  (4-34) 

For  x  =  xi  A  X2>  suppose  that  x\  is  either  g*  or  ~  y^  for  some  a  €  Tn,  and  X2  is  also 
either  </<7  or  ~  ga  for  some  a  £Tn. 

(4-48)      R^+10(xi  A  x2,  puf (p))  =  (/puf(p) 

^  ¥>n(Sn(p'))  ^  xl  A  x2  by  definition  (4-19)  of  R^+10 

with  t  =  puf(p) 
**  Vn(Sn(p  ))  <  ^1  since  (fn(Sn(p  ))  is  an  atom 

and  <fn(Sn(p'))  <  X2 
«>  (Cn, En,<)\=  p'E(xi  A  x2)         by  definition  (4-12,13) 

of  ¥>n(Sn(p')) 
&  R^(Sn)0(x),  puf (p))  =  <,puf(p)     by  (4-34) 

The  case  of  x  =  h\  V  /12  is  similar.  Thus,  for  all  x  G  Cnjo  and  non-relational  t,  we 
have 

(4-49)  RS+10(x,t)  =  gT  ~  Rll(Snfi(x),r)=gT 

This  completes  the  proof  of  Sublemma  4.8.2.  I 

Now  in  our  proof  by  induction  over  m  to  show  that  <pn  is  a  homomorphism  on 
Cn,m,  we  have  shown  that  RJJ1(S„)o(x),t)  =  RS+1)0(^n)0(x),T)  for  all  t  G  Tn+i,  so 
¥n,l(Sn,o(x))  =  Sn+iio(v?n,o(a;))-  Tbis  ends  the  proof  of  Lemma  4.8.  | 

We  also  need  to  maintain  in  the  induction  hypothesis  that  (pn  is  one-to-one  on 
Cn,m-  We  consider  only  the  initial  case  in  detail. 
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LEMMA  4.9.    The  map  <pnt\  is  one-to-one. 

PROOF:  This  follows  from  the  fact  that  Cn  o  is  sparse.  Let 

(4-50)     x  =  (g\\/S„(o[r])v\/S„)o[^]     and     x' =  (q'\\J Snfi[Y'})  V  \/ Sn>0[Z'] 

where  we  have  q  €  Cnfi  with  V  Sn,o[^]  ^  Q  ^d  Q  A  V  Sr»,o[Z]  =  O'  an<^  similar 
conditions  on  x',  q1 ,  Y'  and  Z' .  Suppose  <pn  \(x)  =  <pn  i(x').  If  q  ^  q',  then  q'  and  q 
are  infinitely  distant.  With  <pnfl(q)  —  9  aa^  VnfiW)  —  <i \  it  is  impossible  for 

(4-51)  ^B|1(ar)  =  (q\  \J  <pn,i(Snfi[Y}))  V  \/  yy  i(S„)0[Z]) 

to  equal 

(4-52)  <pnA(x')  =  (q'\  \/  ^n)i(Sn>0[r']))  V  \/  ^n)i(Sn,o[Z']) 

Thus,  we  have  q1  =  q. 
If  Z  =  0,  then 

(4-53)  <Pn,l(x)  =  q\\/ VnASnfiW) 

equals 

(4-54)  <,n)1(x')  =  (q\  \/ <fn>1(Snfi[Y')))  V  \/  <,n)1(Sn>0[Z']) 

only  if  Z'  =  0  =  Z  and 

(4-55)  V^.l^M^'])  =  V^.l(Sn,0[>1) 


100 
Then,  since  Sn>o  is  one-to-one,  we  have  Y1  =  Y. 
Similarly,  if  Z  ^  0,  to  have 

(4-56)  (?W(V  S».oM))  v  V»M V  Sn,0[^]) 

equal 

(4-57)  (« W(\/  S«-0[^']))  V  <pn,i( \/  S„,0[Z']) 

requires  Z'  =  Z  and  VSn,o[^']  =  VSn,o[^h  whence  F'  =  F.  Then  we  have  x'  =  x. 
Thus  tpn  i  is  one-to-one,  and  Lemma  4.9  is  proven.  | 

To  continue  the  induction  on  m,  we  need  to  show  both  that 

(4-58)  R!U+l(Sn,m(z),  r)  =  RS+I^vW*),  0 

for  any  x  G  Cn,m  with  r  €  Tn+1>  and  that  v?n)m+i  is  one-to-one.  Our  induction 
hypothesis  for  <pn,m+\  iS  that 

(4-59)  <m(S„,m_i(x),r)  =  R^+i)m_i(v„,m-i(x),T) 

for  all  x  €  Cn,m-1  with  t  6  Tn+i,  and  that  <pn,m  is  one-to-one.  Then  it  follows  that 
Vn,m(S„)m_i(x))  =  Sn+ijm_i(v?„)m_i(x)).  Since  the  definition  of  (y,z)n,m-2  uses 
only  Snjm_i,  for  any  x  €  Cn,m  we  have 

(4-60)    3  y,  z  e  C„)m_2[x  =  (y,  z)„,m_2] 

<-►  3y',z'  €  Cn+l,m-2[¥>n,m(*)  =  (y',  2%+l,ro-2] 
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in  which  case  y'  =  <pn,m-2(y)  ^d  z'  =  Vn,m-2{z)-  Moreover,  by  definition  of  En,m, 
we  have  that  fn,m  is  a  homomorphism  of  JEn,m  on  Cn,m- 

Suppose  r  /  a>, /.  Similar  to  (4-31)  and  other  parts  of  the  case  m  =  0,  we  use 
definition  (4-13)  of  R^m.  j.  For  any  x  in  Cn<m 


(4-13)  <m+l(Sn,m(x),r)  =  gT  iff  (Cn,En,<)  \=  Def[r"](x) 

In  addition,  if  we  let  C'nm  =  <pn,m[Cn,m]  and  let  y  =  <pn,m(x),  then  we  have 

(4-61)      (C„,£„,<)NDef[Tn](x) 

♦-»  (C»,m,  £„,m,  <  )  N  Def  [rn](x)  by  Lemma  4.3 

«-►  (v'n.mlCn.m],  ^n+l.ro,  <  )  *=  Def  [rn+1](j/)     since  y?„)ra  is  an 

•£n,m-isomorphism 
«  (Cn+l.m,  £n+l,m,  <  )  1=  Def  [r"+1](j,)  by  Lemma  4.3 

Also,  R^+ijm(v>n,m(aO,T)  =  gT  «-»  (Cn+l,m,  £n+l,m)  1=  Def[r"+1](v?„jm(x)),  by  def- 
inition (4-25)  of  R„+1)TO. 

Suppose  r  =  a;.  Then  Rn'm .  1(Sn,m(^),w)  =  yw  iff  x  =  ;W  for  some  j  <  m. 
Also,  RS+lm(<pn,m(x),u)  =  flfw  iff  Y>r»,m(z)  =  pn+1'  for  some;  <  m,  which  is  equiv- 
alent to  x  =  j(n)  for  some;  <  m,  since  ¥>n,m(S„)m_i(2)  is  Sn+itra-l(Vn,ra-l(^))  for 
any  z  €  Cn,m-1- 

Suppose  t  =  f.  Then  Rn'm+1(S„)m(x),/)  =  ^  iff  x  =  (y,z)„,m_2  for  some 
elements  y,z  €  Cn,m-2  such  that  y  originates  as  u;  €  Cj.  with  A;  <  n  and  we  have 
(ind(u;))(n)  =  z.  Also,  Rn+i)m(v?n,m(x),/)  =  5/  iff  <pn,m(*)  =  W^)n+\,m-t  for 
some  y',z'  G  Cn+l,m-2  where  3/  originates  as  w'  €  Ct  with  £'  <  n  and  we  have 
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(ind(u/))(n+1)  =  z' .  Again,  the  last  condition  is  equivalent  to  (ind(u;))(n)  =  z,  since 
<Pn,m(Sn,m-l(z))  equals  Sn+i)m_i(¥>n>m_i(z))  for  any  z  G  Cn>m-\. 

So  we  have  verified  (4-57).  As  with  ipn  \,  we  know  that  <pn  m+i  is  one-to-one, 
from  the  uniqueness  of  normal  forms  for  x,  the  fact  that  Cn  o  is  sparse,  and  also  the 
fact  that  Sn,m  is  one-to-one. 

Thus  we  have  maintained  the  induction  hypothesis  and  verified 

(4-29)  <m+l(Ws)^)  -  Rn+l>m(Vn,m(^),r) 

for  each  n,m  €  u)  and  each  r  €  Tn+\.  So  as  we  observed  with  (4-29),  it  follows 
from  definitions  (4-12)  of  <pn  m+i  and  (4-24)  of  Sn+i  m  that  <pn  is  an  S-algebra 
homomorphism  with  cpn  :  Cn  — ►  Cn+1-  Now  Propn  4.7  is  proven.  | 

PROPN  4.10.  In  the  structure  C  of  Section  4.2,  if  NC  =  {x\  S(x)  <  u),  then 
(N^ ,  E)  =  (w,  6  ) .  Moreover,  the  element  f  is  (a  code  for)  a  one-to-one  embedding 
of  u  intouj;  that  is  to  say,  the  relation  {(y,z)\(y,z)Ef)  is  a  well-defined  one-to-one 
function  whose  range  is  included  in  the  natural  numbers. 

PROOF:  Recall  that  we  have  made  the  natural  identification  of  an  element  in  the 
limit,  such  as  (f)a>n  for  some  n,  with  /  itself.  Since  the  connecting  morphisms 
are  one-to-one,  the  direct  limit  is  essentially  a  union  of  a  chain  of  S-algebras,  so 
u>  in  the  limit  will  be  a  standard  uj.  Technically,  the  maps  <pn  are  not  inclusions, 
so  each  Cn  will  have  different  interpretations  of  the  natural  numbers.  We  defined 
R„+1  TO(x,w)  =  gu  iff  x  =  j(n+1)  for  some  j  <  m.  Then  the  set  of  £„-elements 
of  u  in  Cn  is  just  {.r") }j€N •  Each  j(n)  occurs  in  stages  Cn  /  for  /  >  j,  where  it 
has  exactly  j  predecessors.  So  each  ;W  has  j  predecessors  in  Cn.  Since  <pn  is  a 
one-to-one  homomorphism  of  S-algebra,  we  know  that  <Pn{j  )  1S  j^n+l^-  So  in  C, 
if  we  let  0'  =  0  and  (j  +  1)'  =  j'  V  S(/),  then  the  set  of  ^-elements  of  u  in  C 
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is  just  {j'}j£n-  E^h  j'  essentially  occurs  in  some  stage  Cn  where  it  has  exactly  j 
predecessors.  So  each  j'  has  exactly  j  predecessors  in  C.  Moreover,  we  have  j  En 
iff  j  C  n,  i.e.  j'  <  n'.  So  (Nc,  E)  2  (N,  €  >. 

Recall  that  when  /  originated  at  some  stage  in  the  direct  limit  system,  we  chose 
as  its  ^-elements  those  (y,  z)  such  that  if  y  originates  as  w  in  the  direct  limit  system 
then  z  =  (ind(tu))'.  Thus,  as  w  is  moved  in  the  development  of  the  direct  limit,  the 
associated  natural  number  index  remains  the  same.  So  /  has  a  well-defined  value  for 
each  member  of  C,  which  is  technically  of  the  form  {¥>j.(u>)}/GN.  Since  z  =  (ind(u>))', 
and  ind  is  one-to-one,  we  also  have  that  {(y,z)\(y,z)Ef)  is  one-to-one,  as  required 
for  /  to  code  a  one-to-one  map  of  u  into  u  in  C.  I 

Now  we  use  Theorem  3.8,  which  gives  us  a  comprehensive  extensional  subalgebra 
of  any  given  S-algebra. 

THEOREM  4.11.    There  is  an  S-algebra  which  satisfies 

(i)     extensionality 

(ii)     strictly  quantifier-free  comprehension  with  arbitrary  parameters 
(iii)     internal  countability 

PROOF:  (i)  Strictly  quantifier- free  comprehension  follows  from  closure  under  Godel- 
like  operations  with  special  constants  for  C.  We  will  interpret  the  term  e  in  C 
as  (<7e)/>n  where  n  is  least  such  that  the  term  e  is  in  Tn.  For  each  (vi(p))/>jt  in 
C,  we  know  p  occurs  first  in  Cj.  and  the  term  sets  Tn  contain  standard  G-terms 
with  special  constants  for  such  objects  as  p.  If  r  is  a  standard  G-term  with  special 
constants  for  elements  a\,...aj  of  C,  let  k  be  least  such  that  Cjfc  contains  pre-images 
0|, . . . ,  a'j  of  all  oi, . . .  aj  under  the  canonical  injections  into  C.  Then  r',  the  standard 
G-term  formed  by  replacing  the  special  constants  for  a\,...aj  by  special  constants 
for  a'^.-.a'j,  belongs  to  some  Tn,  and  Cn+\  t=  ^xlxEg^  <-►  Def[r'](x)].   Then  the 
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isomorphic  image  of  Cn+ 1  under  </>(,  for  /  >  n,  also  satisfies  that  sentence,  as  does 
C\,  by  Lemma  4.3.  Each  generator  gT,  intended  to  play  the  role  of  some  Godel-like 
construction  (which  includes  the  formation  of  principle  ultrafilters),  continues  to  play 
that  role  throughout  the  limit  system.  Eventually  we  generate  an  element  to  play  the 
role  of  every  standard  G-term  with  special  constants  for  any  C\.  Theorem  4.2  tells 
us  that  C  is  closed  under  Godel-like  operations,  which  includes  formation  of  puf  (cp), 
i.e.  {ylpEy}^.  Now,  Theorem  2.15  says  that  the  associated  membership  structure 
for  C  satisfies  strictly  quantifier-free  comprehension  with  arbitrary  parameters,  since 
puf (cp)  =  {y\pEy}  is  the  witness  of  the  only  non-trivial  comprehension  axiom  for 
an  atomic  formula  in  which  we  find  a  parameter. 

(ii)  Theorem  3.8  will  give  an  extensional  S-subalgebra  B  <  C  which  is  compre- 
hensive, i.e.  for  every  y  €  C  there  is  an  y'  €  B  with  extn^j/')  =  extng(y).  Recall 
that  for  any  S-algebra  C  <  N2  and  any  y  €  N2,  we  have  defined 

(4-62)  extnc(y)  =  {x  €  C\  Sc(x)  <  y} 

Theorem  3.8  applies  where  we  have  an  S-algebra  generated  by  a  sparse  subalgebra 
Q  which  is  generated  by  sups  from  a  tree  G  C  Q.  In  the  current  situation,  we  have 
isomorphic  images  of  C„o  included  in  C.  The  atoms  relative  to  those  subalgebras  are 
the  mimimal  non-zero  Boolean  combinations  of  the  generators  at  each  stage.  If  Cu  q 
denotes  the  union  of  the  isomorphic  images  of  Cn<Q,  then  those  relative  atoms  form  a 
tree  Q  which  generates  CWi0  by  sups.  The  S-algebra  C  is  SA(CUjq).  So  Theorem  3.8 
gives  us  a  subtree  which  generates  by  sups  a  Boolean  subalgebra  Q'  of  Q  such  that 
B  =  SA(Q')  is  extensional  and  comprehensive  with  respect  to  C. 

The  comprehensive  S-subalgebra  B  preserves  closure  under  Godel-like  opera- 
tions, and  hence  satisfies  strictly  quantifier-free  comprehension  with  parameters  for 
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C(E,  =).  Consider  G-terms  with  special  constants  for  B  =  SA((5').  This  set  of  terms 
is  closed  under  sub-terms  and  contains  every  special  constant  which  occurs  in  these 
terms.  Sparseness  of  Q'  ensures  that  none  of  its  elements  is  a  sup  of  finitely  many 
singletons  of  B.  Finally,  note  that  for  every  r 

(4-63)  B  1=  Vx[xEy'  «-*  Def[r](x)] 

Thus  Lemma  4.3  assures  us  that  the  representatives  in  B  of  the  generators  associated 
with  G-terms  do  preserve  their  roles  in  the  S-subalgebra  B  of  C.  So  the  associated 
membership  structure  for  B,  which  is  extensional,  is  also  closed  under  Godel-like 
operations,  which  again  includes  formation  of  principle  ultrafilters.  So  B  satisfies 
strictly  quantifier-free  comprehension  with  arbitrary  parameters. 

(iii)  The  representative  <J  in  B  of  the  element  u  of  C  contains  exactly  the  same 
.E-elements  as  uj.  The  elements  are  0'  =  0  and  (j  +  1)'  =  j'  V  S(j')  for  all  j  6  w. 
These  interpreted  natural  numbers  are  exactly  the  J5-elements  of  u;  in  C.  Consider 
the  representative  /'  €  B  of  the  element  /  €  C.  Note  that  a  pair  (y,ind(u;))/  in  C 
is  omitted  from  B  only  if  y  is  omitted  from  B.  So  the  ^-elements  of  f  in  B  are 
the  pairs  x  =  (y,z)  €  B  such  that  y  originates  as  w  and  z  =  (ind(u;))'.  Thus  the 
domain  of  the  function  (code)  /'  is  all  of  B.  That  is  to  say,  the  structure  B  satisfies 
/'  :  u  — ►  J.  | 


CHAPTER  5 
CONCLUSION 

The  immediate  conclusion  is  that  we  have  constructed  a  model  with  these  fea- 
tures 

(i)  The  model  satisfies  a  comprehension  axiom  scheme  which  applies  to 
almost  all  quantifier-free  formulas  with  arbitrary  parameters,  and  each 
individual  comprehension  axiom  in  this  scheme  is  identical  to  the  sim- 
ple form  of  the  original  set  theory. 

(ii)     Extensionality 

(iii)     Power  set  closure 

(iv)     The  model  satisfies  the  statement  au  exists" 

(v)  The  model  satisfies  an  axiom  of  internal  countability  for  every  set  in 
the  universe. 

The  model  is  closed  under  many  of  the  operations  which  Godel  used  in  the  con- 
struction of  L.  In  fact  some  of  these  operations  are  strengthened  in  our  model, 
such  as  absolute  complement  and  existence  of  unrestricted  membership  and  identity 
relations. 

This  method  of  construction  shows  considerable  flexibility  beyond  its  basic  pur- 
pose, which  is  to  prove  consistency  of  extensionality  with  the  comprehension  scheme 
for  strictly  quantifier-free  formulas  without  parameters.  That  requires  only  a  struc- 
ture with  definable  elements.  In  closing  under  the  Godel-like  operations,  we  begin 
with  a  basic  structure  which  contains  u  and  the  internal  embedding  /  :  u  -—*  u. 
The  element  u  is  not  definable  by  quantifier-free  formulas,  and  /  will  likely  not  be 
definable  in  any  substantially  restrictive  sense  within  the  model  itself. 
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This  construction  exploits  the  Boolean  structure  of  the  intermediate  stages  in 
three  ways.  First,  it  uses  the  order  of  the  Boolean  algebra  to  allow  the  combination 
of  many  set  membership  decisions  in  the  single  step  of  defining  S(x)  for  a  given  x, 
while  at  the  same  time  it  allows  most  of  those  decisions  to  be  changeable.  Second,  it 
uses  the  fact  that  countable  Boolean  algebras  are  projective  to  allow  extraction  of  a 
significant  extensional  substructure.  Third,  it  uses  the  order  of  the  Boolean  algebra 
to  achieve  a  simple  representaton  of  the  power  set  function. 

One  natural  question  for  investigation  is  whether  an  arbitrary  countable  model 
A  of  ZF  could  be  extended  to  an  S-algebra  closed  under  Godel-like  operations.  This 
seems  very  likely  with  little  modification  of  the  procedure,  since,  as  noted  above,  we 
have  closed  a  structure  under  Godel-like  operations  even  though  the  element  /  had 
no  restrictive  definability  properties.  The  essential  requirement,  as  with  having  u> 
and  /  in  a  structure,  is  just  that  we  have  at  hand  sufficient  information  about  the 
given  model.  This  would  be  the  case  since  we  would  be  given  the  model  A  itself,  and 
its  natural  extension  would  add  no  new  elements  to  any  member  of  A. 

Another  aspect  of  interest  in  this  construction  is  its  natural  generalization  of 
the  notion  of  "cumulative  hierarchy"  beyond  well-founded  structures  of  sets.  So  long 
as  the  structure  of  sets  is  an  atomic  Boolean  algebra,  and  the  model  in  question  is 
countable  (in  the  real  world),  it  is  the  S-algebra  generated  by  ranks  with  respect  to 
a  sparse  Boolean  subalgebra.  The  partition  of  the  universe  of  sets  with  this  rank 
hierarchy  expresses  the  idea  that  we  are  given,  for  mathematical  construction,  the 
empty  set  and  also  the  universe  and  the  primitive  relations  of  our  mathematical  lan- 
guage. Specifically,  for  our  constructions  we  begin  with  the  relations  of  membership 
and  identity  and  the  elements  u>  and  /  :  u  — ►  u. 

This  picture  of  a  non- well-founded  universe  is  quite  distinct  from  the  picture  sug- 
gested by  an  anti-foundation  axiom  such  as  proposed  by  I.  Malitz  [16].  That  axiom 
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declares  the  existence  of  a  (unique)  set  associated  with  each  directed  graph  of  a  cer- 
tain type,  including  many  graphs  with  cycles  which  correspond  to  non-well-founded 
constructions.  Our  structure  maintains  well-foundedness  relative  to  the  primitives  of 
our  language  and  other  relations  directly  definable  from  them. 

We  must  admit  non- well-foundedness  where  it  is  essential  to  a  domain  of  investi- 
gation. For  example,  where  true  universality  of  a  proposition  is  of  interest,  i.e.  where 
we  want  to  know  its  status  in  "the  real  world",  we  accept  as  fact  that  the  universe, 
like  anything  else,  is  a  member  of  the  universe.  As  another  example,  one  might  want 
to  represent  the  world  view  of  an  individual  in  order  to  apply  mathematical  logic  in 
a  social  science,  or  to  program  computation  systems  for  more  adaptability  to  their 
users.  In  such  cases,  we  accept  as  fact  that  each  of  us  is  aware  of  himself  or  herself 
as  a  part  of  the  world  envisioned  in  his  or  her  own  mind.  Considering  the  following 
quite  different  appearance  of  non-well-foundedness. 

If  there  is  an  object  x  such  that  x  =  {x},  and  one  uses  the  traditional  Weiner- 
Kuratowski  codes  for  ordered  pairs,  then  x  =  (x,  x).  If  we  code  (x,  x,  x)  as  ((x,  x),  x), 
and  similarly  for  other  ordered  n-tuples,  then  x  =  (x,  x)  =  (x,  x, . . . ,  x)  and  we  have 
xE(  f]{un}n).  This  phenemenon  does  not  occur  in  the  method  of  this  dissertation. 
The  directed  graph  naturally  associated  with  any  of  our  ordered  pairs  is  a  finite 
binary  tree. 

Due  to  the  formal  nature  of  the  construction,  and  the  significance  of  countability 
in  it,  another  question  for  further  investigation  is  whether  this  method  can  produce 
a  concrete  model  of  the  lambda  calculus.  This  is  especially  desirable  since  one  of  the 
motivations  we  mentioned  for  set  theory  with  a  universal  set  u  was  that  the  universe  is 
effectively  decidable,  and  we  naturally  want  a  model  in  which  all  effectively  decidable 
functions  and  relations  are  representable. 
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In  analogy  to  second  order  arithmetic,  it  would  be  desirable  to  go  beyond  the 
lambda  calculus,  which  is  associated  with  a  comprehension  scheme  for  quantifier-free 
formulas,  to  some  axioms  fairly  close  to  the  theory  Yi\-CA  in  the  program  of  reverse 
mathematics. 

How  much  strength  can  a  foundational  theory  of  mathematics  have,  if  the  theory 
uses  a  limitation  of  complexity  doctrine  based  on  strictly  quantifier-free  formulas? 
That  is,  how  much  of  algebraic  and  analytic  construction  can  be  done  in  a  model 
of  a  comprehension  scheme  limited  to  simple  formulas,  if  we  evaluate  a  formulas 
complexity  as  the  number  of  quantifiers  in  its  logical  equivalents  which  have  no 
variable  occurring  more  than  once  in  any  atomic  subformula? 

Consider  what  the  formal  rules  of  existential  quantification  require  of  an  in- 
terpretation of  quantified  formulas.  One  rule  is  that  for  every  formula  A(x,y),  the 
statement  h  A(w,  y)  — ►  3x  A(x,y)  is  a  theorem.  This  is  an  axiom  in  some  formu- 
lations of  logic.  So  given  a  relation  a,  if  Q(a)  interprets  3x  A(x,y),  then  Q(a)  must 
include  the  range  of  a. 

The  other  rule,  existential  elimination,  is  not  so  simple.  It  says  that  for  any 
formulas  A(x,y)  and  B(y),  if  h  A(tu,  y)  — ►  B(y)  is  provable,  then  we  can  deduce 
h  3x  A(x,y)  — ►  B(y),  provided  w  does  not  occur  in  B(y).  So,  if  a  is  A(x,y)  ,  the 
interpretation  in  a  model  M.  of  A(x,  y),  then  [3x  A(x,  y)]  must  respect  every  upper 
bound  b  on  the  (hypothetical)  range  of  a,  so  long  as  b  corresponds  to  a  formula  B(y). 

Thus  we  arrive  at  the  following  suggestion  for  a  significant  weak  replacement 
axiom. 

DEFN  5.1.  In  the  language  of  S-algebras  with  an  operator  Q(-)  and  a  predicate  D(-), 
the  axiom  of  weak  replacement,  or  uniform  separation,  is  this  pair  of  axioms 

(5-1)  VaVy  [[3x(x,  y)Ea)  -  yEQ(a)} 


no 

\/a\/b[D(b)  ->  [[3x(x,y)Ea]  -*  yEb]  -*  Vx  [xEQ(a)  -  xEb]]] 

together  with  a  finite  set  of  axioms  which  say  that  D(-)  is  interpreted  as  a  Boolean 
subalgebra  of  a  given  model.  A  model  A  of  the  theory  is  a  structure  (A,  B,  A,  V,  ~,  S) 
and  the  Boolean  subalgebra  B  =  D™  in  A  is  referred  to  as  the  subalgebra  of  definable 
elements  of  A. 

Note  that  the  relation  a  need  not  be  single-valued,  since  the  definition  is  to 
express  a  limitation  of  complexity  doctrine,  so  the  size  of  a  set  is  irrelevant.  It  is 
easy  to  see  that  Q(a)  =  u  for  all  a  ^  0,  with  Q(0)  =  0  defines  a  trivial  replacement 
operator  which  satisfies  the  formulas  of  (5-1).  So  it  is  the  upper  bounds  restricted 
by  a  fairly  broad  notion  of  definability  which  may  make  such  an  operator  useful. 
Note  that  h  A(u>,  y)  — ►  3x  A(x,y)  does  not  require  w  to  be  definable,  so  we  do  not 
need  to  change  our  interpretation  of  that  theorem  in  view  of  our  understanding  of 
3-introduction. 

Let  us  examine  the  obvious  attempt  to  derive  Russell's  contradiction  with  these 
additional  axioms  about  quantification.  Suppose  e  and  i  are  (elements  which  code) 
the  unrestricted  membership  and  identity  relations.  The  analog  of  Russell's  class  is 
r  =  Q((~  e)  A  i).  We  can  prove  that  rEr.  Suppose  rlfr.  Then  (r,  r)E  ~  e.  For  all 
x,  we  have  (x,  x)Ei.  Thus, 

(5-2)  (r,  r)Ei  =>  (r,  r)E((~  e)  A  i)  =►  rEQ((~  e)  A  i)  *►  rEr 

The  conclusion  contradicts  the  assumption  that  r$r.  Thus  rEr. 

Weak  replacement  preempts  the  conflicting  argument.  We  have  rEr,  which  is 
to  say  rEQ((~  e)  A  i).  For  all  a  and  for  all  b  €  DM ,  we  have 

(5-3)  h  [Vy  [3x(x,  y)Ea]  -♦  yEb]  -4  Vy  [yEQ(a)  -»  y£fc] 


Ill 

So,  in  particular,  for  Russell's  set  r  =  Q((~  e)  A  i)  and  any  b  €  D     ,  we  have 

(5-4)         [Vy  [3x  (x,  y)£((~  e)  A  i)]  -+  y£6]  -+  Vy  [y£Q((~  e)  A  i)  -  y£6] 

Now  since  r£^r,  whence  r  ^~  S(r),  we  take  b  =~  S(r),  and 

(5-5)  -Vy  [y£Q((~  e)  A  i)  ->  yE  ~  S(r)] 

=>•  ->Vy  [3x  (x,  y)E(~  e  A  i)  — »  y£  ~  S(r)] 
=►  3y  3x[(x,  y)E(~  e  A  i)  A  y£S(r)] 
=>•  3x  (x,  r)£(~  e  A  i) 
=>  (r,r)E  ~  e 

But  this  only  proves  ->Z)(~  S(r)),  or  •>-  S(r)^Lr^.  It  is  natural  to  require  in  addition 
that  DM  is  closed  under  singletons,  since  for  any  p  €  D  the  formula  x  =  p  defines 
S(p).  Even  so,  Russell's  argument  only  proves  that  Russell's  class  is  not  definable. 

If  we  require  D  to  be  closed  under  S,  the  Boolean  operations  and  quantifier-free 
comprehension,  and  we  require  B  =  D™  to  contain  e,  it  follows  that  the  unrestricted 
identity  relation  cannot  be  in  D™ .  Since  •  =  •  is  definable  from  E-  with  a  single 
(weak)  universal  quantifier,  if  we  define  the  element  i  from  e  and  Q  in  the  natural 
way,  then  i  must  be  a  restriction  of  the  identity  relation.  (Just  as  a  Si  formula  has  an 
interpretation  larger  that  one  would  expect,  a  universal  formula  has  an  interpretation 
smaller  thn  one  would  expect.)  So  the  weak  replacement  operator  is  indeed  distinct 
from  the  range  operator. 

While  the  restriction  of  the  element  i  is  a  limitation,  it  does  extend  the  analogy 
with  second  order  arithmetic.  In  the  arithmetic  context,  equality  of  natural  numbers 
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is  an  effectively  decidable  relation,  but  equality  of  a  pair  of  reals  is  a  n  i  relation, 
relative  to  those  reals,  defined  by  extensional  equality  of  the  sets  which  are  (codes 
for)  a  given  pair  of  reals. 

Finally  we  conclude  that  the  notion  of  strictly  quantifier-free  formulas  and  our 
method  for  construction  of  a  model  which  satisfies  strictly  quantifier-free  compre- 
hension constitute  a  step  toward  the  goal  of  resolving  set  theoretic  paradoxes  by  a 
limitation  of  complexity  doctrine,  and  at  the  same  time  preserve  enough  axiomatic 
strength  to  support  substantial  mathematics. 
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